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Course Updates

• Updated project online (dated Oct. 4 now)
• Resolved an issue with the parser (thanks Luke)

• Reading next time: Semantics of Probabilistic 
Programming: A Gentle Introduction

• Pick the next paper
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Approximate Inference

• By far the most common inference algorithm in 
probabilistic programming languages

• Broad families:
• Direct methods

• Direct sampling, importance sampling
• Particle filtering

• Local search methods
• Markov-Chain Monte-Carlo

• Optimization methods
• Variational inference
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References

• Chapter 11: Importance 
Sampling

• Chapter 12: Markov-
Chain Monte Carlo

• Chapter 10: Variational 
inference
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Why Approximate?

1. More expressive languages
• Only requires the ability to draw a sample or evaluate a 

density on a point
• Allows for “universal” languages that permit very 

complex control flow

2. ”Any-time” inference behavior
• Trade computation time for accuracy of estimate

3. Orthogonal scaling characteristics to exact
inference
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Importance Sampling

• Suppose you have a program that’s hard to draw 
samples from directly:

• Idea of importance sampling: find a new program:
1. That is easy to sample from
2. That is close (in some measure of distance) to the 

original program
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x ~ flip 0.00001;
y ~ flip 0.000001;
observe (&& x y);
return x



Importance Sampling
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• Assume that 𝑝(𝑥) is hard to sample from and 𝑞 𝑥 is easy to 
sample from
• 𝑞 𝑥 called proposal distribution
• Must contain 𝑝 𝑥 within its support

• Goal: Approximate some expectation 𝐸![𝑓]



Importance Sampling

• Definitions
• Let Ω be a sample space
• 𝑝 𝑥 and 𝑞 𝑥 be distributions on Ω
• 𝑓: Ω → 𝑅 be a random variable
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<latexit sha1_base64="0g3BVJWnzJKijnCwFQQG+oF1wOo="></latexit>
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Defn of
Expectation

Introduce 𝑞 Defn of 
expectation



Importance Sampling Example
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z ~ flip 0.7;
y ~ flip 0.4;
return z

z ~ flip 0.5;
y ~ flip 0.5;
return z

z y 𝒑(𝒛, 𝒚) 𝒒 𝒛, 𝒚 𝒘(𝒛, 𝒚)
1 1 0.7×0.4 0.5×0.5 0.7×0.4

0.5×0.5 = 1.12

0 0 0.3×0.6 0.5×0.5 0.3×0.6
0.5×0.5 = 0.72

1 0 0.7×0.6 0.5×0.5 0.7×0.6
0.5×0.5 = 1.68

Then, query prob is

≈
1
3 1.12 + 1.68 ≈ 0.93

To see that it’s correct asymptotically, note that 
1.12 × 0.25 + 1.68 × 0.25 = 0.7



Self-Normalized Importance Sampling

• It is often the case that we only know how to 
compute the unnormalized probability of 𝑝 𝑥

• We can still use importance sampling, but we must 
estimate the normalizing constant and the query 
simultaneously
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x ~ flip 0.00001;
y ~ flip 0.000001;
observe (&& x y);
return x

<latexit sha1_base64="h+rIEElh9F2pl8fjQULOhfMJpow="></latexit>

P̂ r(x = T, y = T ) = 0.00001⇥ 0.000001



Self-Normalized Importance Sampling

• Let 𝑝̂ 𝑥 = $
%!
𝑝(𝑥)

• Then, for 𝑥& ∼ 𝑞(𝑥),
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Estimate of 𝑍" Regular IS estimator

<latexit sha1_base64="QIHjtU+1N+vFVC45511el9yAYTI="></latexit>

E[f ] ⇡ 1P
s ŵ(xs)

SX

s=1

ŵ(xs)f(xs), where ŵ(xs) =
p̂(xs)

q(xs)
.



SNIS Example: Likelihood Weighted
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x ~ flip 0.00001;
y ~ flip 0.000001;
observe (|| x y);
return x

x ~ flip 0.00001;
y ~ flip 0.000001;
return x

z y =𝒑(𝒙, 𝒚) 𝒒 𝒙, 𝒚 =𝒘(𝒙, 𝒚)
1 1 0.0000

00001
0.0000
00001

0.000000001
0.00000001 = 1

0 0 0 0.999989 0
0 1 0.00001 0.00001 1

Essentially direct 
sampling where you 

simultaneously 
estimate Z and the 

query

<latexit sha1_base64="QIHjtU+1N+vFVC45511el9yAYTI="></latexit>

E[f ] ⇡ 1P
s ŵ(xs)

SX

s=1

ŵ(xs)f(xs), where ŵ(xs) =
p̂(xs)

q(xs)
.



Guide Programs
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Guide Programs
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Guide Programs
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Importance Sampling Summary

• When does it work well?
• If you have a good proposal (close to the posterior 

around the function over which you are computing the 
expectation)

• When does it fail?
• If your proposal is “far away” from your true distribution
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Local-Search Methods
Markov-Chain Monte Carlo

CS7480 17



Direct vs. Local

• The approximate inference methods we’ve been 
looking at so far are “direct” methods: each sample
is independent from the previous

• Local methods relax this assumption by allowing 
samples to be dependent on one another
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Markov-Chain Monte Carlo
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• Idea: sample the state space by picking a point and 
making local moves
• If we make moves in the right way, we can ensure that 

eventually this point will be distributed the same as 𝑝 𝑥



Local Search Intuition

• Why might local search be a good idea? If we know 
where to start!

• Start at the state {x=T, y=T} and make local moves 
around this state
• For instance, changing one variable at a time
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x ~ flip 0.000000000001;
y ~ flip 0.000000000000001;
observe (|| x y);
return x



Markov Chains

• Initial distribution on states
• Let 𝑇 𝑥′ 𝑥 denote 

probability of transitioning 
from state 𝑥 to 𝑥′

• Describes a distribution over 
states (Ω = {𝐴, 𝐵, 𝐶}) at time 𝑡, 
denoted Pr! 𝑥

• A steady state is defined:
𝑝∗ 𝑥′ =0

#

𝑇 𝑥′ 𝑥 𝑝∗ 𝑥

• Steady state does not always 
exist, is not always unique
• In this case it’s Pr 𝑋 = 𝐵 = 1

CS7480 21



Markov-Chain Monte Carlo

• Idea: Design a Markov chain whose stationary distribution is 
equal to the distribution from which you want to sample
• To approximately draw a sample, run the chain for some finite 

amount of time 
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x ~ flip 0.5;
y ~ flip 0.5;
return (&& x y)

x = true;
y = true;
return (&& x y)

x = true;
y = false;
return (&& x y)

x = true;
y = false;
return (&& x y)

x = false;
y = false;
return (&& x y)

0.5

0.5
0.50.5

0.5

0.5

0.50.5



Markov-Chain Monte Carlo
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Detailed Balance

• Suppose we  want 𝑝 𝑥 to be the stationary distribution
• We can choose 𝑇(𝑥 ∣ 𝑥$) so that the following detailed balance 

condition holds:
𝑝 𝑥 𝑇 𝑥 𝑥' = 𝑝 𝑥' 𝑇 𝑥' 𝑥

• We can prove that any transition matrix that satisfies 
this has 𝑝 𝑥 as its stationary dist:

%
(

𝑝 𝑥 𝑇(𝑥′ ∣ 𝑥) =%
(

𝑝 𝑥' 𝑇(𝑥 ∣ 𝑥')

= 𝑝 𝑥' %
(

𝑇 𝑥 𝑥' = 𝑝 𝑥' .
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Uniqueness of Fixed Points

• Detailed balance is enough to ensure that 𝑝 𝑥 is a 
stationary dist, but not strong enough to ensure it’s 
the only one

• For uniqueness and existence, chain must be:
• Irreducible: No disconnected states

• Aperiodic: no alternation between modes
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Metropolis Algorithm

• How do we build a transition 𝑇 that satisfies 
detailed balance, aperiodicity, and irreducibility?
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MANIAC I
Los Alamos, 1953
© Corbis Images



Metropolis Algorithm

• Provide a transition 𝑞(𝑥? ∣ 𝑥)
• Symmetric: 𝑞 𝑥! 𝑥 = 𝑞 𝑥 𝑥!
• Full support: For any 𝑥, 𝑥! ∈ Ω, 𝑞 𝑥! 𝑥 > 0

• “Fix it up” so that it’s guaranteed to be a valid Markov chain 
for sampling from 𝑝 𝑥
• Starting from an initial state 𝑥 ∈ Ω
1. Propose a sample 𝑥! ∼ 𝑞(⋅∣ 𝑥)
2. Accept 𝑥′ with probability min 1, "# $!

"# $

• This chain is guaranteed to be aperiodic, irreducible, and 
have stationary distribution 𝑝 𝑥
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Very common 
choice of 𝑞(⋅∣ 𝑥)

Gaussian w/ 
mean at 𝑥



Metropolis Algorithm
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• Initial Point



Metropolis Algorithm
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• Draw a sample from proposal 𝑞



Metropolis Algorithm
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• Accept 𝑥′ with probability min 1, 78 9"

78 9



Metropolis Algorithm
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• Propose new point



Metropolis Detailed Balance
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p(x)T (x0 | x) = p(x)q(x0 | x)min

✓
1,

p̂(x0)

p̂(x)

◆

= min
⇣
p(x)q(x0 | x), p(x0)q(x0 | x)

⌘
Because p̂ =

1

Z
p

= min
⇣
p(x)q(x | x0), p(x0)q(x | x0)

⌘
Symmetry

= min
⇣
p(x0)q(x | x0), p(x)q(x | x0)

⌘
Reordering

= p(x0)q(x | x0)min

✓
1,

p̂(x)

p̂(x0)

◆

= p(x)T (x | x0)



Challenges for MCMC

• Slow mixing (aka. “random walk behavior”)
• Multi-modal distributions
• Distributions with “flat regions”

• Choice of proposal 𝑞 is extremely important
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Ways of Choosing 𝑞

• Gibbs sampling (coordinate-wise updates)
• For a joint distribution 𝑝 {𝑥B} , define 𝑞 as 

• (1) choose a random variable 𝑥%
• (2) re-sample from 𝑝(𝑥% ∣ 𝑥&, ⋯ , 𝑥%'&, 𝑥%(&, ⋯ , 𝑥))

• Momentum-based methods (Hamiltonian Monte-
Carlo, NUTS)
• Idea: make ”bigger steps” in boring regions (high 

acceptance probability), slow down in trickier regions 
(low acceptance probability)
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Conclusion
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Semantics

Inference

Program 
Analysis

Language
Design

Applications

…


