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Course Updates

• Updated project online (dated Oct. 1 now)
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Scaling Discrete Inference

• Goal: Scale exact inference to large discrete 
probabilistic programs

• Why?
1. Discrete inference has lots of applications
2. Scalability is important: practical systems are large
3. Current existing systems struggle with discreteness

• How?
• Inference via compilation to circuits
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Circuits for Probabilistic 
Inference
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History

• Circuits are a fundamental computing primitive
• Their relationship with complexity was introduced 

by Shannon

• Proved that almost all Boolean functions 
on n variables require circuits of size Θ(2n/n), where 
n is #variables
• First circuit lower bound
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History: P vs NP

• Sipser, Michael. "Borel sets and circuit 
complexity." Proceedings of the fifteenth annual 
ACM symposium on Theory of computing. 1983.
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Connection between
conciseness and
P/NP



CS7480 7

Idea: Study Restricted Classes of Circuits



Complexity: Modern Times

• Circuit complexity still hasn’t resolved P vs NP L
• Proving lower bounds is extremely difficult

• Restricted circuit models easier to prove lower bounds 
in, but become too restricted

• Much success in other domains (derandomization, 
parallel algorithms, etc.)
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Circuits in AI

• Circuit lower bounds proved unfruitful in 
complexity, but the idea of circuits as a 
computation model remained influential

• The AI community transitioned to studying these 
objects in the context of knowledge representation
in the early 90s
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Levesque, Hector J., and Ronald J. Brachman. "Expressiveness and 
tractability in knowledge representation and reasoning 1." 
Computational intelligence 3.1 (1987): 78-93.

Tractability vs. Expressiveness



Exploring the Landscape
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Selman, Bart, and Henry Kautz. "Knowledge compilation and 
theory approximation." Journal of the ACM (JACM) 43.2 (1996): 
193-224.



Mapping the Landscape

• Introduced a formal notion of conciseness (aka 
succinctness)
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From KR to Probabilistic Inference
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Darwiche, Adnan. "A logical approach to factoring belief 
networks." KR 2 (2002): 409-420.



From search to circuits
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Weighted Model Counting

• Recall the definition of a weighted Boolean 
formula, a pair (𝜑,𝑤):
• 𝜑 is a Boolean sentence
• 𝑤: 𝐿 → 𝑅 a weight function that maps literals (variable 

assignments) to real values
• Valuation :

• The weighted model count of a weighted Boolean 
formula is:
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<latexit sha1_base64="8JzKbMlXYFx+3doSGlAUIGA4lN0="></latexit>

J(', w)Kv =

(Q
l2v w(l) if v |= '

0 otherwise

<latexit sha1_base64="8Qa3vBHFxqbUxsUOjLKvZm9gTjk="></latexit>

WMC(', w) =
X

v

J(', w)Kv



𝒇𝟏 𝒇𝟐
T T 0.1 ∗ 0.3
T F 0.1 ∗ 0.7
F T 0.9 ∗ 0.3
F F 0

Solving WMC: Tables
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𝑤 = 𝑓# ↦ 0.1, ̅𝑓# ↦ 0.9, 𝑓$ ↦ 0.3, ̅𝑓% ↦ 0.7
𝜑 = 𝑓# ∨ 𝑓$

<latexit sha1_base64="FSvtoXzPmxDGJn7WV13iHJmi9Nk="></latexit>

J(', w)Kv

• Then, WMC is sum of the rows



Weighted Boolean Formulae as a 
PPL
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Inference Tractability
(In the size of the model)

Conciseness

Tabular
• Linear time inference
• Size of 2& for 𝑛 variables

SimPPL
• NP-hard inference test 
• Programs can be linear in # variables

Inference Tractability
(In the size of the model)

Conciseness

Tabular
• Linear time inference
• Size of 2& for 𝑛 variables

SimPPL
• NP-hard inference test 
• Programs can be linear in # variables

Weighted 
Boolean 

Formulae 

How do we show this?

Give reductions 
between them!



Reducing WMC to SimPPL
Inference
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𝑊𝑀𝐶(𝑓# ∧ 𝑓$, 𝑤)
f1 ~ flip 𝑤 𝑓# ;
f2 ~ flip 𝑤(𝑓$);
return (&& f1 f2)

Assume 𝑤 𝐴 = 1 − 𝑤 �̅�



Reducing SimPPL Inference to WMC
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f1 ~ flip 0.1;
f2 ~ flip 0.3;
return (|| f1 f2)

𝑊𝑀𝐶 𝑓! ∨ 𝑓", 𝑓! ↦ 0.1, ̅𝑓! ↦ 0.9, 𝑓" ↦ 0.3, ̅𝑓# ↦ 0.7



Handling Observations
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f1 ~ flip 0.1;
f2 ~ flip 0.3;
observe (|| f1 f2)
return f1

𝑊𝑀𝐶(𝑓!, 𝑤)
𝑊𝑀𝐶 𝑓! ∨ 𝑓", 𝑤

, 𝑤 = 𝑓! ↦ 0.1, ̅𝑓! ↦ 0.9, 𝑓" ↦ 0.3, ̅𝑓# ↦ 0.7

• What did this buy us so far ? Nothing!
• Inference for arbitrary WBF is still hard



Popping Up

• So, WMC and SimPPL are basically the same probabilistic programming 
language

• Why do this translation?
• SimPPL is very simple; this reduction may not hold for programming 

languages with more features
• We can design inference algorithms on this “assembly language” (similar to

motivation of theorists)
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Inference Tractability
(In the size of the model)

SimPPL/WBF

Conciseness
Tabular

Advanced 
PPL

Circuit



Decomposing WMC

• We can decompose a big WMC problem into two 
smaller ones (for any variable 𝐴)
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<latexit sha1_base64="GL76PPLaApvCqnP7VTQkvj5L5bA="></latexit>

WMC(', w) = WMC(' | A,w)⇥ w(A) +WMC(' | Ā, w)⇥ w(Ā)

𝒇𝟏 𝒇𝟐
T T 0.1 ∗ 0.3
T F 0.1 ∗ 0.7
F T 0.9 ∗ 0.3
F F 0

<latexit sha1_base64="FSvtoXzPmxDGJn7WV13iHJmi9Nk="></latexit>

J(', w)Kv



Solving WMC: Search
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Solving WMC: Search Circuit
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• To compute WMC, plug in weights for
f1 and f2 to evaluate

• Inference complexity: size of circuit



Not All Circuits Compute WMC
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• Consider the following circuit for 𝑓! ∨ 𝑓" ∨ 𝑓#

• What’s wrong? It’s over counting



Requirements for WMC Circuits

1. Sum nodes must respect:

2. Product nodes must respect:
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Popping Up
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Inference Tractability
(In the size of the model)

SimPPL/WBF

Conciseness
Tabular

Advanced 
PPL

WMC Circuit



Sufficient Conditions for Product 
Decomposition
• To decompose                 require that 𝛼 and 𝛽 do not

reference the same variables 
• called decomposability
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Sufficient Conditions for Sum 
Decomposition
• To decompose 

require that 𝛼 ∧ 𝛽 ⊨ 𝐹 (no overlapping worlds)

• Called determinism 
• Not a great name; much better name is unambiguous
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WMC Circuit
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• Check Determinism
• Check decomposability



Sharing Structure

• Suppose we have a search circuit with redundant 
sub-circuits
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Conclusion

• Inference via compilation is a powerful framework 
for PPL inference
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Inference Tractability
(In the size of the model)

SimPPL/WBF

Conciseness
Tabular

Advanced 
PPL

WMC Circuit



Extra slides
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Applications of Discrete Inference

• Systems reliability and diagnosis
• Networks
• Hardware
• Supply chains
• Etc…

• Text models
• Hybrid models
• Many programs contain discrete sub-programs
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Hardware Diagnosis
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Scalability Challenge in Hardware
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Network Reliability & Verification 
with PPLs
• Smolka, Steffen, et al. "Scalable verification of 

probabilistic networks." Proceedings of the 40th 
ACM SIGPLAN Conference on Programming 
Language Design and Implementation. 2019.

• Gehr, Timon, et al. "Bayonet: probabilistic inference 
for networks." ACM SIGPLAN Notices 53.4 (2018): 
586-602.

CS7480 37



Discreteness is Hard

• Many advanced approximate inference methods 
rely on program differentiability
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