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Semantics

• You’ve now seen the semantics for a simple 
language… you will see these in some papers!

• Let’s take a historical tour through semantics as a 
discipline now that we have an example of our own 
semantics
• Place yourself in the broader literature (one of the 

course goals)
• See some hard open problems
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Program Semantics as a Discipline
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• Hoare, Charles Antony Richard. 
"An axiomatic basis for computer 
programming." Communications 
of the ACM 12.10 (1969): 576-
580.

• Semantics are a tool to abstract away 
details of the implementation

• Formally prove programs have 
certain behaviors

• Given as logical relations between 
input and output states



Tiny Timeline
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Probabilistic Program Semantics

"An axiomatic basis for 
computer programming."

1969

• Languages are too informal: 
meaning given by just what the 
program compiler does!

• We can’t implement things 
consistently or prove things correct

• Need formal system for reasoning
• Introduced logical relations

E. Dijkstra



Denotational Semantics
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D. Scott

Scott, Dana S., and Christopher 
Strachey. Toward a mathematical 
semantics for computer languages. 
Vol. 1. Oxford: Oxford University 
Computing Laboratory, 
Programming Research Group, 
1971.

C. Strachey



Denotational Semantics
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• Introduced semantic bracket:
distinction between syntax
and semantic domain

• Semantics should be inductive 
on the syntax

• Key problem: notion of program
equivalence



Denotational Semantics

• Why the fuss with functions, semantic domains, 
etc.? Dijkstra had a problem: Loops
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Tiny Timeline
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Probabilistic Program Semantics

"An axiomatic basis for 
computer programming."

1969

• Denotational semantics and recursive 
decompositions of programs

• Syntactic and semantic domains
• Associate each program term with a 

mathematical function
• Gave a way to formalize loops by working in 

the semantic domain!
• Entire research program of giving 

denotational semantics to different kinds of 
programs…

D. Scott C. Strachey

1971



Kozen 1979

• Kozen, Dexter. "Semantics of probabilistic programs." 20th Annual 
Symposium on Foundations of Computer Science (sfcs 1979). IEEE, 1979.

• Gave 4 reasons for studying probabilistic program semantics
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Kozen’s Motivation

1. Clearing up the difference between endogenous vs. exogenous 
randomness

2. Match existing program’s behavior: languages like ALGOL60 (!) have 
rand and loops!
• Formalized an incredibly powerful language (but no conditioning or functions)

3. A formal system for verifying randomized algorithms

4. Connect existing denotational semantics theory with probability 
(Loops!)
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Tiny Timeline
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Probabilistic Program Semantics

1969

D. Scott C. Strachey

1971 1979
D. Kozen

• Connected randomized algorithms
and denotational semantics

• Gave a formal basis for reasoning
about both

• Formalized a special language
• Continuous distributions
• Loops
• No observations
• No functions



Modern Challenges

• Semantics of PPLs is still a vibrant modern research 
topic

• Peruse POPL and PLDI for many dozens more!
• Questions:

• How rich can we make the language and still find an 
interesting/useful semantic domain?

• What can we prove about probabilistic programs?
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Distinguished Paper
POPL’19

2018, some work
done here!



More on Semantics Basics
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• Gunter, Carl A. Semantics of 
programming languages: 
structures and techniques. 
MIT press, 1992.
• Chapter 1 has a fantastic 

overview and whirlwind 
tour of semantics
• Endnotes contain a nice 

history of the topic

• Unfortunately no book on 
probabilistic program 
semantics (yet)



Semantics vs. Implementation

• Semantics tell you what a program does…

• They don’t tell you how to run the program 
efficiently
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SimPPL Inference
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How Hard Is SimPPL Inference?

• NP-Hard in the size of the program
• To show this, give a reduction: show that we can 

use SimPPL inference to solve a 3SAT problem
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𝐴 ∨ 𝐵 ∨ 𝐶 ∧ (𝐴 ∨ ¬𝐵 ∨ 𝐷)

A ~ flip 0.5;
B ~ flip 0.5;
C ~ flip 0.5;
D ~ flip 0.5;
return (&& (|| (|| A B) C)

(|| (|| A (! B)) D)

Size does not 
blow up



Inference By Search
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x ~ flip 0.3;
if x {

y ~ flip 0.1;
} else {

y ~ flip 0.2;
}
return y;

({x
=t}, 

0.3)

({x=f}, 0.7)

x = T;
if x {

y ~ flip 0.1;
} else {

y ~ flip 0.2;
}
return y;

…

({x=t, y = t}, 0
.3*0.1)

({x=t, y = f}, 0.3*0.9)

x = T;
if x {

y = T;
} else {

y ~ flip 0.2;
}
return y;

x = T;
if x {

y = F;
} else {

y ~ flip 0.2;
}
return y;

• Recursively branch on all possible values to random 
variables
• Sum up total probability of outputting true

Called a weighted 
trace; a pair (t, w)



Observations

• Discard all paths that violate observation
• Compute normalizing constant by summing probability of all non-discarded paths
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x ~ flip 0.3;
if x {

y ~ flip 0.1;
} else {

y ~ flip 0.2;
}
observe y;
return x

({x
=t}, 

0.3)

({x=f}, 0.7)

x = T;
if x {

y ~ flip 0.1;
} else {

y ~ flip 0.2;
}
observe y;
return x;

…

({x=t, y = t}, 0
.3*0.1)

({x=t, y = f}, 0.3*0.9)

x = T;
if x {

y = T;
} else {

y ~ flip 0.2;
}
observe y;
return x;

x = T;
if x {

y = F;
} else {

y ~ flip 0.2;
}
observe y;
return x;



Formalization of Search

• We can give a precise inductive description of how this 
search procedure computes probabilities
• Define a map Search: s → [Trace] → [Trace]

• Given a list of input weighted traces, yields a list of output 
weighted traces
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Search([ 𝑦 = 𝑇 , 0.4 , ({𝑦 = 𝐹}, 0.6)])(z~flip 𝜃) = 
[({y=T,z=T}, 0.4*𝜃),
({y=T,z=F}, 0.4*(1-𝜃)),
({y=F,z=T}, 0.6*𝜃),
({y=F,z=F}, 0.6*(1 − 𝜃))]

Be careful 
about 

overlapping 
names!



Inference Correctness

• Formally, an inference algorithm is correct if it 
agrees with the semantics, i.e. it satisfies that for 
any program s; return e:

• 𝑍 is the normalizing constant (sum over all traces)
• Read: the sum of the weights of all traces that 

satisfy the return expression is equal to the 
semantics of the program
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Slightly 
informal

<latexit sha1_base64="gtKP6UWGw6QhqS5H2RQIooldaMU="></latexit>

1

Z
⇥

X

{(t,w)|(t,w)2Search(;)(s),t|=JeK}
w = Js ; return eK



• First build the set of traces:

• Now we can compare the semantics and search-
based inference:

Inference Correctness Tiny 
Example
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<latexit sha1_base64="xjuTXklgfBmtOGH5hCRtLBH0Yao="></latexit>

Search(;)(x ⇠ flip 0.1; return x) = [({x = T}, 0.1), ({x = F}, 0.9)]

<latexit sha1_base64="ib/nEgsAsVUH0mx3eiIYHok4K/Q="></latexit>

Jx ⇠ flip 0.1; return xK = 0.1 =
X

{(t,w)2[({x=T},0.1),({x=F},0.9)]}^t|=JxK)
w



When Inference by Search Fails

• Size of search tree is exponential in number of 
random variables
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a ~ flip 0.1;
if a {

b ~ flip 0.3
} else {

b ~ flip 0.4
}
if b {

c ~ flip 0.3
} else {

c ~ flip 0.4
}
...



Approximate Inference

• What if we are willing to relax our notion of 
inference correctness to approximate correctness
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<latexit sha1_base64="vJs+sXPw8EG6cXyIdNInsP7ZfnM=">AAACkXicbVHbShxBEO2dXNQ1lzU++tJkERTCMiMJMfiyJC+GvKzgqrAzLD09NWtjX4bumujSzG/lXwJ5jd+R3s0o3goaTp9TRVWdyispHMbx70707PmLlyura931V6/fvO1tvDtxprYcxtxIY89y5kAKDWMUKOGsssBULuE0v/i20E9/gnXC6GOcV5ApNtOiFJxhoKa9UVrklvELQJ8iXCGidwfUAtZWU2gamrKqsuaK3qjfdQ kWNIdm56mC3WmvHw/iZdDHIGlBn7Qxmm50dtPC8FqBRi6Zc5MkrjDzzKLgEppuWjuowohsBpMANVPgMr9cvaHbgSloaWx4GumSvVvhmXJurvKQqRieu4fagvxAHSpm57Z4KmtSY7mfeaGrGsPe/1uWtaRo6MJRWggLHOU8AMatCFNTfs6CqRh8v9dvcU+hZy7spOGSG6WYLvztBZpJkvlUyvZLfT8J/lt7I9NuMDd5aOVjcLI3SD4N4qOP/eHX1uZVskXekx2SkM9kSA7JiIwJJ7/IH/KXXEeb0ZdoGLW5Uaet2ST3IvrxDxYzzPo=</latexit>

Js; return eK ⇡ Inference(s; return e)



Direct Sampling

• Run the program many times and build a set of 
(unweighted!) traces

• Then, the probability of the query is given by the 
fraction of traces that satisfies the query (here, ½)
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x ~ flip 0.3;
if x {

y ~ flip 0.1;
} else {

y ~ flip 0.2;
}
return y;

x y Query?

T T T

T F F

F F F

T T T



Direct Sampling with Observations

• Run the program many times and build a set of 
(unweighted!) traces

• Then, the probability of the query is given by the 
fraction of accepted traces that satisfies the query 
(here, 2/2)
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x ~ flip 0.3;
if x {

y ~ flip 0.1;
} else {

y ~ flip 0.2;
}
observe y;
return y;

x y Query?

T T T

T F F

F F F

T T T



Direct Sampling Correctness

• Denote by                                                            the 
fraction of traces that satisfies the query

• Then, it is possible to show that:

• In practice, we can’t run forever, so we choose 
some finite 𝑛 to get an approximation
• How big should 𝑛 be?!
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<latexit sha1_base64="rjoIx6Cj4uddiafxdaIhKUs8rBE="></latexit>

Samplen(s; return e)

<latexit sha1_base64="eOKXGhYzneNtsy0YSwHzZk7SI4w="></latexit>

lim
n!1

Samplen(s; return e) = Js; return eK



When Direct Sampling Works

• Hoeffding’s inequality lets us bound 𝑛 nicely if 
there are no observations

• Let 𝜖 > 0, 𝑛 be # samples. Then:

• For instance, to be within 𝑡 = 0.001 of the true 
answer with probability 𝛼 = 0.99 requires ~16k 
samples
• Logarithmic in 𝛼, quadratic in 𝑡
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<latexit sha1_base64="0r1PK+SYAvJL6oPnUFVYlXAcIgw="></latexit>

Pr
⇣���Js; return eK � Samplen(s; return e)

��� � t
⌘
 2e�2nt2

As 𝑛 grows, this probability 
of error gets smaller 

exponentially quickly!



When Direct Sampling Fails

• When the probability of accepting a sample is low
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x ~ flip 0.000001;
y ~ flip 0.000000000001;
z ~ flip 0.00000000000000001;
observe (&& x (&& y z));
return x



Conclusion

• You’re now ready to do the SimPPL project!
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Extra slides
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Semantics of IBAL

• Pfeffer, Avi. 2005. The Design and Implementation 
of IBAL: A General-Purpose Probabilistic Language. 
Harvard Computer Science Group Technical Report 
TR-12-05.
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Probability Monad

• Ramsey, Norman, and Avi Pfeffer. "Stochastic lambda calculus and monads of 
probability distributions." Proceedings of the 29th ACM SIGPLAN-SIGACT 
symposium on Principles of programming languages. 2002.

• Gave a distributional semantics to a stochastic 𝜆-calculus w/ tuples (no 
observations)
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AI and Programming Languages
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Programming
Languages

• Problems:
• Compilers are incompatible
• Programs have bugs
• Languages are complex

• Tools and Techniques
• Separate syntax from semantics
• Compositional reasoning
• Logical relations

Artificial
Intelligence

• Problems:
• The world is complex and yet

somehow agents navigate it
• How can we represent the world

to a computer?
• Tools and Techniques

• Probabilistic reasoning
• Logic
• Probabilistic modeling



Conciseness
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