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Abstract
In [18], Farrell and Whitehead investigate circulant graphs that are
uniquely characterized by their matching and chromatic polynomials (i.e.,
graphs that are “matching unique” and “chromatic unique”). They develop a partial classification theorem, by finding all matching unique and
chromatic unique circulants on n vertices, for each n ≤ 8. In this paper,
we explore circulant graphs that are uniquely characterized by their independence polynomials. We obtain a full classification theorem by proving
that a circulant is independence unique iff it is the disjoint union of isomorphic complete graphs.
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Introduction

Graph polynomials are an important topic of interest to many combinatorialists.
The coefficients of a graph polynomial encode various combinatorial properties
of a graph, such as the number of independent sets or the number of matchings. There are several graph polynomials that are active areas of combinatorial
research, such as chromatic polynomials, matching polynomials, reliability polynomials, Tutte polynomials, and independence polynomials.
Given an arbitrary graph G on n vertices, we can compute a graph polynomial by enumerating the number of occurrences of a particular property. We
see this in the definition of the following three graph polynomials.
Definition 1.1 Let G be a graph. In an independent set of k vertices, no two
vertices are adjacent in G. In a matching of k edges, no two edges share a
common vertex. In a proper colouring of G with x colours, no two adjacent
vertices receive the same colour.
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P
The independence polynomial I(G, x) is k≥0 ik xk , where ik is the number of independent sets of cardinality k in G.P
The matching polynomial M (G, x) is k≥0 (−1)k mk xn−2k , where mk is
the number of matchings in G with exactly k edges.
The chromatic polynomial π(G, x) is the function that gives the number
of proper colourings of the vertices of G using x colours.
For example, we compute each of these three graph polynomials for the
triangle K3 and the 6-cycle C6 .
I(K3 , x)
M (K3 , x)
π(K3 , x)
I(C6 , x)
M (C6 , x)
π(C6 , x)

= 3x + 1
= x3 − 3x
= x(x − 1)(x − 2) = x3 − 3x2 + 2x
= 2x3 + 9x2 + 6x + 1
= x6 − 6x4 + 9x2 − 2
= x6 − 6x5 + 15x4 − 20x3 + 15x2 − 5x

Every graph polynomial is well-defined: for example, a graph cannot have
two different independence polynomials. However, does the converse hold? Are
there any graph polynomials that are unique to that graph? In this paper, we
investigate graphs that have a unique independence polynomial, and determine
a necessary and sufficient condition for when a circulant graph has a unique
independence polynomial.
For notational convenience, we introduce the following definition, which
holds for every P -polynomial (where P is replaced by “chromatic”, “matching”, “independence”, etc.)
Definition 1.2 An graph G is P -unique if G is uniquely characterized by its
P -polynomial. In other words, P (G, x) = P (H, x) implies that G is isomorphic
to H.
Much work has been done to characterize graphs that are chromatically
unique [6, 8, 16, 23, 27, 30, 33], in addition to graphs that are Tutte unique [13]
and reliability unique [7]. Since the problem of independence unique graphs was
first posed in [21], very few results have been found [26]. Some work has been
conducted on classifying independence unique graphs for spider graphs [25] and
threshold graphs [32]. However, other than these two specific families of graphs,
not much is known. In the recent survey paper on independence polynomials
[26], these are the only two families of graphs that are discussed.
An independence polynomial I(G, x) of the form 1 + nx + . . . corresponds
to a graph G on n vertices. To prove that G is independence unique, we must
theoretically examine all graphs on n vertices and determine their independence
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polynomials. For small values of n, the computation is trivial. However, for an
arbitrary graph, it is N P -hard [19] to compute the independence polynomial.
We remark that although the following recurrence relation is computationally
inefficient, any I(G, x) can be computed with this result.
Theorem 1.3 ([20]) For any vertex v,
I(G, x) = I(G − v, x) + x · I(G − N [v], x),
where the closed neighbourhood N [v] is the set {u : u = v or uv ∈ E}.
We now define the circulant graph Cn,S .
Definition 1.4 Given a set S ⊆ {1, 2, 3, . . . , b n2 c}, the circulant graph Cn,S
is the graph with vertex set V (G) = Zn , and edge set
E(G) = {uv : |u − v|n ∈ S},
where |x|n = min{|x|, n − |x|} is the circular distance modulo n.
The generating set S will always refer to a subset of {1, 2, 3, . . . , b n2 c}. In
the literature, S is also referred to as the connection set [2, 14].
For example, here are the circulants C9,{1,2} and C9,{3,4} .
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Figure 1: The circulant graphs C9,{1,2} and C9,{3,4} .
Note that the circulant Cn,{1,2,3,...,b n c} is simply the complete graph Kn .
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Also, Cn,{1} is just the cycle Cn . In general, Cn,{d} ' Cn for any d with
gcd(d, n) = 1.
Circulant graphs have been investigated in fields outside of graph theory.
For example, for geometers, circulant graphs are known as star polygons [10].
Circulants have been used to solve problems in group theory, as shown in [2],
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as well as number theory and analysis [11]. They are well-studied in network
theory, as they model practical data connection networks [3, 22]. Circulant
graphs (and circulant matrices) have important applications to the theory of
designs and error-correcting codes [31].
In [18], Farrell and Whitehead investigate circulants that are chromatically
unique and matching unique. They prove that of the 30 non-isomorphic circulants of order at most eight, 23 are chromatically unique, with the seven
exceptions being C4,{2} , C6,{2} , C6,{3} , C8,{2} , C8,{4} , C8,{2,4} , and C8,{1,3,4} .
Then they prove that each of these seven circulants is matching unique, proving
that every circulant on n ≤ 8 vertices is either chromatically unique or matching
unique (or both). While they are unable to verify this conjecture for any n ≥ 9,
they conjecture that this result holds for all n.
Their analysis motivates the equivalent problem for independence polynomials: can we determine some independence unique circulants? If so, can we
characterize them? In this section, we provide a full answer to the uniqueness
problem for independence polynomials: we prove that a circulant is uniquely
characterized by its independence polynomial iff it is the disjoint union of isomorphic complete graphs (e.g. C8,{1,2,3,4} and C24,{3,6,9,12} ). In other words,
many circulants appear to be chromatic and matching unique, but circulants
are independence unique only in a handful of cases. In fact, we will prove that
there are exactly φ(n) circulants on n vertices, where φ(n) denotes the number
of positive divisors of n.
Some simple examples of independence unique graphs include Kn and Kn .
To give an example of a graph G that is not independence unique, consider the
complement of a tree. For any tree H on n vertices, let G = H. Then,
I(G, x) = 1 + nx + (n − 1)x2 .
So any complement of an n-vertex tree has the same independence polynomial.
It is shown in [15] that two non-isomorphic trees can have the same independence polynomial, as illustrated in Figure 2.

Figure 2: Two trees with the same independence polynomial.
In the above example,
I(T1 , x) = I(T2 , x) = 1 + 10x + 36x2 + 58x3 + 42x4 + 12x5 + x6 .
Based on this analysis, we may ask if two non-isomorphic circulants can have
the same independence polynomial. We will answer that question in Section
3. First, we establish our characterization theorem of all independence unique
circulants.
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Main Theorem

We will now give a complete characterization of independence unique circulants,
where we prove the surprising result that a circulant G is independence unique
iff G is the disjoint union of isomorphic complete graphs (see Theorem 2.5).
This result will follow quickly from the following key theorem.
Theorem 2.1 Let G = Cn,S be a connected circulant graph. Then, G is independence unique iff G ' Kn .
We conclude that circulants are not rich in independence unique graphs,
even though they are rich in chromatically unique and matching unique graphs.
To prove Theorem 2.1, we first require the following definition and lemma.
Definition 2.2 Let G = Cn,S be a circulant graph. Define
S 0 = {x : |x|n ∈ S} ∪ {0}.
Note that S 0 = NG [0], the closed neighbourhood of vertex 0 in G.
For each i ∈ S 0 , the graph Hi is formed by taking G − {0}, creating a new
vertex u, and then joining u to every vertex y ∈ V (G − {0}) for which y = i + r
(mod n) for some r ∈ S 0 .
For example, let G = C8,{3,4} , and i = 3. The graphs G and H3 are illustrated in Figure 3.

Figure 3: The graphs G = C8,{3,4} and the corresponding graph H3 .

Lemma 2.3 For each i ∈ S 0 , I(Hi , x) = I(G, x).
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Proof It is clear that Hi − {u} = G − {0}. Note that x ∈ V (G − NG [0]) iff
x∈
/ S 0 , and y ∈ V (Hi − NHi [u]) iff y − i (mod n) ∈
/ S 0.
Letting φ(x) = x + i (mod n), we see that φ is an isomorphism from G −
NG [0] to Hi − NHi [u]. Therefore, I(G − NG [0], x) = I(Hi − NHi [u], x). By
Theorem 1.3,
I(Hi , x)

= I(Hi − {u}, x) + x · I(Hi − NHi [u], x)
= I(G − {0}, x) + x · I(G − NG [0], x)
= I(G, x).

Therefore, we conclude that I(Hi , x) = I(G, x).
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By this lemma, G is not independence unique whenever we can find i ∈ S
such that Hi 6' G. So in the above example, G = C8,{3,4} is not independence
unique.
We require one additional result, which is a straightforward observation.
Proposition 2.4 ([5]) Suppose that the circulant graph Cn,S has the generating set S = {s1 , s2 , . . . , sm }. Then Cn,S is connected iff
d = gcd(n, s1 , s2 , . . . , sm ) = 1.
We now prove Theorem 2.1.
Proof If G ' Kn , then I(G, x) = 1 + nx. Clearly G is independence unique, as
any graph H with I(H, x) = 1 + nx must have n vertices and satisfy α(H) = 1.
Now suppose that G is independence unique, where G is a connected circulant. By Lemma 2.3, the graph Hi satisfies I(Hi , x) = I(G, x) for all i ∈ S 0 .
Since G is independence unique, each Hi must be isomorphic to G.
Since G is a circulant, G must be r-regular, for some r. Then the degree
of each vertex in Hi must also be r. By definition, G − {0} = Hi − {u}. It
follows that 0 and u must connect to the same set of vertices in G − {0} and
Hi − {u}, respectively, as otherwise degHi (w) 6= degG (w) = r for some vertex
w. By definition of Hi , this implies that x ∈ S 0 iff x + i (mod n) ∈ S 0 . This
implication is true for all i ∈ S 0 .
Let i be the smallest non-zero element of S 0 . Then, ki (mod n) ∈ S 0 for
all k ∈ N. By the Euclidean Algorithm, there exists an integer k such that ki
(mod n) = gcd(i, n) ∈ S 0 . By the minimality of i, this implies that gcd(i, n) = i,
so i|n. If i = 1, then S 0 = Zn , which implies that S = {1, 2, . . . , b n2 c}, i.e.,
G ' Kn .
Now let us assume that i > 1. If S 0 only contains multiples of i, then G =
Cn,S is disconnected by Proposition 2.4, which contradicts our given assumption
that G is connected. So we can assume that there is an element j ∈ S 0 with
d = gcd(i, j) < i. Since x ∈ S 0 implies that x + i (mod n) ∈ S 0 and x + j
(mod n) ∈ S 0 , it follows that pi + qj (mod n) ∈ S 0 for all pairs of positive
6

integers (p, q). By the Euclidean algorithm, there exists a pair (p, q) for which
pi + qj (mod n) = d = gcd(i, j) < i, which contradicts the minimality of i.
We conclude that if G = Cn,S is a connected circulant graph that is independence unique, then G ' Kn . This completes the proof.
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As a direct result of Theorem 2.1, we now establish that a circulant G = Cn,S
is independence unique iff G is the disjoint union of isomorphic complete graphs.
Theorem 2.5 The circulant graph G = Cn,S is independence unique iff n = dk
and S = {d, 2d, 3d, . . . , b k2 cd} for some positive integers k and d.
Proof Let G = Cn,S be independence unique, and let S = {s1 , s2 , . . . , sm }. By
Proposition 2.4, Cn,S is connected iff d = gcd(n, s1 , s2 , . . . , sm ) = 1. If d = 1,
then G = Kn by Theorem 2.1. So suppose d > 1, and let n = dk. Then G is the
disjoint union of d isomorphic copies of G0 = Cn0 ,S 0 , where n0 = nd and s0i = sdi
for each 1 ≤ i ≤ m. If G0 6' Kn0 , then there exists a graph H 0 not isomorphic
to G0 for which I(G0 , x) = I(H 0 , x). Letting H be the disjoint union of d copies
of H 0 , we have I(G, x) = (I(G0 , x))d = (I(H 0 , x))d = I(H, x). In other words,
if G = Cn,S is independence unique, we must have G0 = Kk , i.e., n0 = k and
2
S 0 = {1, 2, . . . , b k2 c}. The desired conclusion follows.
We now enumerate the number of independence unique circulants on n vertices, for each integer n ≥ 1. From the above theorem, this question is easily
answered.
Corollary 2.6 Define φ(n) to be the number of positive divisors of n. Then
there are φ(n) independence unique circulants on n vertices, for each n ≥ 1.
Proof
From Theorem 2.5, G = Cn,S is independence unique iff n = dk for
some ordered pair (d, k) = (d, nd ). In this case, the generating set S is uniquely
defined. Therefore, exactly one independence unique circulant exists for each
d|n. The desired conclusion follows.
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3

Further Exploration

We have now proven that other than disjoint unions of isomorphic complete
graphs, circulant graphs are not independence unique. We proved this by constructing a non-circulant graph H with I(G, x) = I(H, x). Let us explore this
concept further.
If G and H are both restricted to the family of circulants: must they have
different independence polynomials? A variation of this question is posed in
[32], where it is shown that if Γ is the family of threshold graphs, then I(G, x) 6=
I(H, x) whenever G and H are non-isomorphic graphs in Γ. If Γ is the family of
well-covered spider graphs (i.e., trees having at most one vertex of degree ≥ 3),
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then it is known [25] that I(G, x) 6= I(H, x) for all G, H ∈ Γ with G 6' H. In
other words, every graph in Γ has a unique independence polynomial within
these two families. This motivates the following question, for the family of
circulant graphs.
Problem 3.1 Let G and H be circulants. If I(G, x) = I(H, x), then must this
imply that G ' H?
We prove that the answer is no. The following is the minimum counterexample (i.e., counterexample with the fewest number of vertices).
Proposition 3.2 Let G = C8,{1,2,4} and H = C8,{1,3,4} . Then, I(G, x) =
I(H, x) but G 6' H.
Proof
It is easily checked that I(G, x) = I(H, x) = 1 + 8x + 8x2 . To prove
that G 6' H, it suffices to show that G 6' H. But this is clear, since G = C8,{3}
is isomorphic to C8 , and H = C8,{2} is isomorphic to two disjoint copies of C4 .
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To give another example, G = C13,{1,2,4} and H = C13,{1,3,4} are graphs
satisfying I(G, x) = I(H, x) and G 6' H. The non-isomorphism of G and H is
verified by noting that the 5-wheel W5 is an induced subgraph of G, but not of
H.
Proposition 3.2 can also be proved by comparing the sets of eigenvalues of
G and H, and showing that they are different. To compute the eigenvalues of a
graph, we find its adjacency matrix A, and then the eigenvalues correspond to
all scalars λ such that Ax = λx for some non-zero vector x.
In a circulant G = Cn,S , each row of the adjacency matrix A is a cyclic
permutation of every other row. Let a = [a0 , a1 , . . . , an−1 ] be the first row of
A, where ai = an−i = 1 iff i ∈ S. Several papers and books have been written
on circulant matrices and their properties [4, 9, 12, 24, 31]. In all of these
works, the eigenvalues of these matrices are studied. Here is the formula for the
eigenvalues of Cn,S .
Theorem 3.3 ([9]) If n is odd, the eigenvalues of G are
(n−1)/2

(n−1)/2

λ0 =

X

2ak ,

λj = λn−j =

X

k=1

k=1

If n is even, then for all 1 ≤ j ≤
λ0 = an/2 +

2ak cos



2jkπ
n



n−1
.
2

n
2,

n/2−1

n/2−1

X

X

2ak ,

for 1 ≤ j ≤

λj = λn−j = an/2 cos(jπ) +

k=1

k=1
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2ak cos



2jkπ
n



.

We can manually verify that the set of eigenvalues of G = C8,{1,2,4} is different from those of H = C8,{1,3,4} . Hence, we must have G 6' H.
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Therefore, we conclude that there are pairs of non-isomorphic circulants
that have the same independence polynomial. There are several techniques to
verify that two circulants are (not) isomorphic. For example, the techniques
discussed in Proposition 3.2 and Theorem 3.3 are straightforward, but tedious.
Is there a simpler method to determine whether two circulants Cn,S and Cn,T
are isomorphic?
The following lemma provides a simple sufficient condition for isomorphism.
Lemma 3.4 ([28]) Let S be any subset of {1, 2, . . . , b n2 c}. For each integer
r ≥ 1, define rS = {|rs|n : s ∈ S}. If T = rS for some integer r (with
gcd(r, n) = 1), then T is a multiplier of S.
If T = rS is a multiplier of S, then Cn,S ' Cn,T .
In [1], Ádám conjectured that Lemma 3.4 is also a necessary condition. This
was later disproved [17]. To give one counterexample, C16,{1,2,7} ' C16,{2,3,5} ,
yet there is no r for which {2, 3, 5} ≡ {r, 2r, 7r} (mod 16). It is known that the
conjecture is false if n is divisible by 8 or is the square of an odd prime [28].
However, Ádám’s conjecture is true whenever n is square-free, i.e., there is no
integer d > 1 with d2 |n.
Theorem 3.5 ([28]) If n is square-free, then Cn,S ' Cn,T iff there exists an
integer r with gcd(r, n) = 1 such that T = rS.
By Theorem 3.5, we immediately have another proof that C13,{1,2,4} 6'
C13,{1,3,4} .
A complete solution to the isomorphism problem for circulant graphs was
recently given by Muzychuk [29]. The results are developed in the context of
Schur rings, and an efficient algorithm is given for recognizing isomorphism
between two circulant graphs.

4

Conclusion

We conclude the paper with three open problems.
Problem 4.1 We proved that a circulant graph is independence unique iff it is
the disjoint union of isomorphic complete graphs. Determine if a full characterization of independence unique graphs can be found for the set of all graphs.
Problem 4.2 Extend the analysis of Farrell and Whitehead [18] by classifying
all circulant graphs that are chromatic unique.
Problem 4.3 Extend the analysis of Farrell and Whitehead [18] by classifying
all circulant graphs that are matching unique.
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[1] A. Ádám, Research Problem 2-10, Journal of Combinatorial Theory 2
(1967) 309.
[2] B. Alspach, T. Parsons, Isomorphism of Circulant Graphs and Digraphs,
Discrete Mathematics 25 (1979) 97-108.
[3] J-C. Bermond, F. Comellas, D. F. Hsu, Distributed Loop Computer Networks: a Survey, Journal of Parallel and Distributed Computing 24 (1995)
2-10.
[4] N. Biggs, Algebraic Graph Theory, Cambridge University Press, London,
1974.
[5] F. Boesch, R. Tindell, Circulants and their Connectivities, Journal of Graph
Theory 8 (1984) 487-499.
[6] X. Chen, Some Families of Chromatically Unique Bipartite Graphs, Discrete Mathematics 184 (1998) 245-252.
[7] G. L. Chia, C. J. Colbourn, W. J. Myrvold, Graphs Determined by Their
Reliability Polynomial, Ars Combinatoria 26 (1988) 249-251.
[8] G. L. Chia, Some Problems on Chromatic Polynomials, Discrete Mathematics 172 (1997), 39-44.
[9] B. Codenotti, I. Gerace, S. Vigna, Hardness Results and Spectral Techniques
for Combinatorial Problems on Circulant Graphs, IEEE Transactions on
Computers, 48 (1999) 345-351.
[10] H. S. M. Coxeter, Twelve Geometric Essays, Southern Illinois University
Press, Carbondale/Edwardsville, IL, 1968.
[11] G. J. Davis, G. S. Domke, C. R. Garner, 4-Circulant Graphs, Ars Combinatoria 65 (2002) 97-110.
[12] P. J. Davis, Circulant Matrices, 2nd edition, Chelsea Publishing, New York,
1994.
[13] A. de Mier, M. Noy, On Graphs Determined by their Tutte Polynomials,
Graphs and Combinatorics 20 (2004) 105-119.
[14] E. Dobson, J. Morris, Toida’s Conjecture is True, Electronic Journal of
Combinatorics 9 (2002) 1-14.
[15] K. Dohmen, A. Pönitz, P. Tittmann, A New Two-Variable Generalization
of the Chromatic Polynomial, Discrete Mathematics and Theoretical Computer Science 6 (2003), 69-89.

10

[16] F. M. Dong, K. L. Teo, C. H. C. Little, M. Hendy, K. M. Koh, Chromatically
Unique Multibridge Graphs, Electronic Journal of Combinatorics 11 (2004),
Research Paper 12, 11 pp. (electronic).
[17] B. Elspas, J. Turner, Graphs with Circulant Adjacency Matrices, Journal
of Combinatorial Theory 9 (1970) 297-307.
[18] E. J. Farrell, E. G. Whitehead, On Matching and Chromatic Properties
of Circulants, Journal of Combinatorial Mathematics and Combinatorial
Computing 8 (1990) 79-88.
[19] M. R. Garey and D. S. Johnson, Computers and Intractability: A Guide
to the Theory of N P -Completeness, W. H. Freeman and Company, New
York, 1979.
[20] I. Gutman, F. Harary, Generalizations of the Matching Polynomial, Utilitas
Mathematica 24 (1983) 97-106.
[21] C. Hoede, X. Li, Clique Polynomials and Independent Set Polynomials of
Graphs, Discrete Mathematics 125 (1994) 219-228.
[22] F. K. Hwang, A Survey on Multi-Loop Networks, Theoretical Computer
Science 299 (2003) 107-121.
[23] K. M. Koh, K. L. Teo, The Search for Chromatically Unique Graphs II,
Discrete Mathematics 172 (1997), 59–78.
[24] S-L. Lee, Y-N. Yeh, On Eigenvalues and Eigenvectors of Graphs, Journal
of Mathematical Chemistry 12 (1993) 121-135.
[25] V. E. Levit, E. Mandrescu, On the Roots of Independence Polynomials of
Almost All Very Well-Covered Graphs, submitted (preprint).
[26] V. E. Levit, E. Mandrescu, The Independence Polynomial of a Graph – A
Survey, submitted (preprint).
[27] R. Liu, H. Zhao, C. Ye, A Complete Solution to a Conjecture on Chromatic Uniqueness of Complete Tripartite Graphs, Discrete Mathematics
289 (2004) 175-179.
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