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Problem Set 4 – Solution Sketch
Problem 2 (15 points) textbook 3.13, page 245.

[image: image1.png](a) Consider a Markov chain with state
n = Number of people waiting + number of empty taxi positions
Then the state goes from n to n+1 each time a person arrives and goes from n to n-1 (fn>

1) when a taxi arrives. Thus the system behaves like an M/M/1 queue with arrival rate 1 per
min and departure rate 2 per min. Therefore the occupancy distribution is ,
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where p=1/2. State n, for 0 <n <4 corresponds 10 5, 4, 3, 2, 1 taxis waiting while n >4
corresponds to no taxi waiting. Therefore

P{5 taxis waiting} = 1/2
P{4 taxis waiting} = 1/4
P{3 taxis waiting} = 1/8
P{2 taxis waiting} = 1/16
P{1 taxi waiting} = 1/32

and P{no taxi waiting} is obtained by subtracting the sum of the probabilities above from
unity. This gives P{no taxi waiting} = 1/32.

{b) See the hint.

{c) This system corresponds to taxis arriving periodically instead of arriving according to a
Poisson process. It is the slotted M/D/1 system analyzed in Section 6.3.




Problem 3 (15 points) textbook 3.14, page 246.

[image: image3.png](a) The average message transmission time is 1/it = L/C so the service rate is p = C/L.
‘When the number of packets in the system is larger than K, the arrival rate is A,. We must
have

0si<n
0<i,

in order for the arrival rate at node A to be less than the service rate for large state values.
For these values, therefore, the average number of packets in the system will stay bounded.

{b) The corresponding Markov chain is as shown in the figure below. The steady-state
probabilities satisfy
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where p = (A + A/, p; = Ay/l. We have
I Pp=1
or

PoKopP™ + TPy ™R =1




[image: image5.png]from which we obtain after some calculation
Po=1UL-pX1 - ppUIL - py - PK(p-py)] forp <l

Po={(L-pY(1+k(1-pp)] forp=1
For packets of source 1 the average time in A is

Ty =11 +N)
where

N=ZI~_gop,

is the average number in the system upon arrival. The average number in A from source 1
is

Ny =MT

For packets of source 2 the average time in A is
Ty = (Lu)(1+ N)

where

k-1
2 np,

N =2=0
k-1

2

n=0
is the average number in the system found by an accepted packet of source 2. To find the
average number in the system from source 2 we must find the arrival rate into node A of
packets from source 2. This is
Ay =M,P{arriving packet from source 2 is accepted) = ATl 0P
and the average number from source 2 in A is

Np= 2T,




Problem 4 (10 points) textbook 3.21, page 247.

[image: image6.png]‘We have py = piipg where p = M. Using the relation

Thus

_Fa-p 0<n<m




