CS7470 Homework 1 Due: 11am, 11 Mar 2025

You may turn in handwritten solutions to this assignment—but make sure you write clearly and leave
lots of whitespace. If you choose to typeset your solutions, the LaTeX sources are available for your use at
the course website. (Look in hwl.tex for macros you can use.) A pdf file containing the solutions can be
submitted via email (use subject: ¢s7470 hw1l submission).

This homework is worth 140 points.

Parametricity

Recall from class the following logical relation for System F (where we assume a call-by-value operational
semantics for System F).

Notation Below, the metavariable R ranges over relations on closed values (i.e., values with no free type
or term variables). The metavariable p ranges over finite maps from type variables « to triples (71,72, R),
where 7y and 7o are closed types and R is a value relation. Finally, the metavariable + ranges over finite
maps from term variables x to pairs of closed values.

If p = {041 g (7'11,7'127R1),...,Oén — (Tnl,TnQ,Rn)} and vy = {1’1 — (1)11,’1)12),...,1’7,7, —> ("Uml,’UmQ)},
then
e pi(7) denotes 7[r11/an, ..., Th1/an] and pa(7) denotes T[ria/an, . .., Tha/an]
e pi(e) denotes e[y /a1, ..., Th1/an] and pa(e) denotes e[Tia/aq, ..., Tha/an]
e 71(e) denotes e[vi1/x1, ..., Vm1/Tm] and y2(e) denotes e[via/x1, ..., Vma/Tm]
Rel[ry, 73] = {RCValx Val| V(v1,v2) ER. Fvi:m A Fuy:ma}
Atom[7]p = {(er,ea) | Fer:pi(T) A Fea:pa(r)}
V[[Oé]]p = {(Ul,’l}g) | p(a):(71a7—27R) A (U15v2)€R}
Vir—=1]p = {(Az:p1(7). e1, Ax:pa(7). e2) € Atom[r — 7']p |
Vi, v, (vi,v2) € V[7]p = (ei[vi/a] e2lve/x]) € E[T'] p}
V[Va. 1] p = {(Aa.e1,Aa.es) € Atom[Va. 7]p |
VTl,TQ,R. Re Rel[Tl,TQ] E=4 (61[7’1/@],62[7’2/&}) €& [[7']] p[a — (Tl,TZ,R)} }
Elrlp = {(e1,e2) € Atom[r]p | Fvi,ve. €1 —* v1 A ea —* vy A (v1,v2) €EV[7]p}
D[] — ()
DA, o] = {pla— (n,m2,R)]| p€DJ[A] AN R € Rel[ry, 7]}
Gllp = {0}
Gl z:7]p = {7z (v,0)]| y€G[ITp A (v1,v2) €V][r]p}

ATkeimerir E Vpy.peD[A] A veG[Tlp = (pi(nler)) pa(n2(e2)) € E[r] p



Theorem (Parametricity). If A;TFe: 7 then A;THeme: T

The proof is by induction on the typing derivation A;T' Fe: 7.

C AT, z:7he:7 (ABS)
e Case: B
AT xre:7 =7

Proof

We are required to show that A;T'F Az:r.e = Axit.e: 7 — 7.
Consider arbitrary p and « such that
— p€D[A], and
—v€G[Ip.
We are required to show that (p1(y1(Az:7.€)), p2(re(Az:7.€))) € E[r — 7] p
= (Az:p1(7). p1(11(€)), A:pa(7). p2(12(€))) € E[r = '] p.
Take v1 = Az:p1 (7). p1(71(€)).
Take vo = Az:p2 (7). p2(y2(e)).
We are required to show that
— Az:p1(7). pr(m(e)) —* Az:pi(7). pr(m(e
which is immediate since Ax:p1 (7). p1(71(
— Az:p2(7). p2(72(€)) —" Az:pa(7). p2(72(e
which is immediate since A\x:pa(7). p2(72(e)) is a value, and

= (Az:p1(7). p1(71(€)), Ax:p2(T). p2(12(e))) € V[T — '] p,
which we conclude as follows:

)
)) is a value,
)

)

)
)

Consider arbitrary v; and v such that
* (v1,v2) € V1] p.
We are required to show (p1(v1(e))[v1/z], p2(y2(€))[v2/z]) € E 7] p.
Applying the induction hypothesis to A;T,z : 7+ e : 7/, we have that A;T,z:7Fexe: 7.
Instantiate the latter with p and v[z — (v1,v2)]. Note that
* p € D[A],
which follows from above, and
* [z — (vi,v2)] € G[T, 2z : 7] p,
which follows from
- v € G[I' p (follows from above), and
- (v1,v2) € V[7] p (follows from above).

Hence, (p1((7[z = (v1,02)])1(€)), p2((y[z = (v1,v2)])2(€))) € E [7'] p.
Thus, (p1(y1(e))[v1/z], p2(v2(e))[va/z]) € €[] p, as we were required to show.

ATkey:m — T A;They: T
e Case: LAEL 2 CARE (APp)
A;ThHepes:m

Proof

We are required to show that A;T'F e ea = eq es: 7o.
Consider arbitrary p and -y such that

— p€D[A], and

- yegIp.



We are required to show that (p1(y1(e1 e2)), p2(v1(e1 e2))) € E ] p
= (p1(mi(en)) pr(nile2)), p2(r2(e1)) p2(r2(€2))) € € [2] p.

Applying the induction hypothesis to A;T' F ey : 71 — 79, we have that A;T'F e =~ ey : 1 — 7o.
Instantiate the latter with p and . Note that

— peD[A], and

—v€G[p.
Hence, (p1(71(e1)), p2(72(€1))) € E[r1 — 7] p.
From the latter, there exist vy and vy such that

— pi(nler)) —" v,

— p2(72(e1)) —* vz, and

— (’Ull,’Ulg) ISR % [[Tl — TQ]] p.

From the latter it follows that v11 = Az:p1(71). e11 and v1a = Az:pa(71). €12.

Applying the induction hypothesis to A;T" F es : 71, we have that A;T'F es =~ eq : 71.
Instantiate the latter with p and . Note that
— p€D[A], and
—v€G[p.
Hence, (p1(71(€2)), p2(12(e2))) € €[] p.
From the latter, there exist vs; and wveg such that
— pi(nle2)) —" va,
— p2(72(e2)) —" va2, and
— (v21,v92) € V][] p.
Instantiate (Az:p1(711).e11, Ax:p2(71).€12) € V[ — 2] p (from above) with vy and vee. Note
that
— (v21,v22) € V7] p.
Hence, (e11[ve1/], e12[vez/x]) € € [2] p-
From the latter, there exist vy and vy such that
- 611[1121/33] — vy,
— e12[vez/x] —* v, and
— (v1,v2) € V[r2] p.
Thus, there exist v; and vs such that
— p1(1i(er)) pi(yi(e2)) —* vy (from above by operational semantics),
— pa(12(e1)) p2(y2(e2)) —* vy (from above by operational semantics), and
— (v1,v2) € V[72] p, which follows from above.



Exercise 1. (25 pts) Do the VAR, TABS, and TAPP cases of the proof:

z:7el

Case: ————
(a) Case Ao T

(VAR)

AaTke:T
A;THAa.e:Va.r

(b) Case: (TABS)
A;TFe: Va1 AFo

(c) Case: AT Felo]:7[o/q]

(TAPP)

You may make use of the following lemmas:

Lemma (Compositionality, or “syntactic substitution equals semantic substitution”).
If pe D[A] and A+ 7" and R = { (v}, v5) | (vi,v5) € V[r']p },
then (vi,v2) € V[r[r'/a]]p iff (v1,v2) € V[7] pla = (p1(7'), p2(7'), R)].

Lemma (Well-typed inhabitants). If (vi,v2) € V[7] p, then F vy : p1(7) and b vy @ pa(7).

Let us add product types, sum types, existential types, and record types to System F.

T ou= ... | mxm | 47| et | {liT,. 0 TR}
e = | {(e1,e2) | fste | snde |
inle | inre | caseeofinlz = ey || inry = ey |
pack (7',e)as Ja. 7 | unpack{a,x) =ejines |
{ti=e1,....0,=en} | el
voon= | (v1,v2) | inlv | inrv | pack(r’,v)as3Ja.7 | {1 =v1,...,0n =vp}
E = | (E,e2) | (vi,E) | fstE | sndE | inlE | inrE | case Eofinlz = e || inry = e
pack (7', EyasJa.7 | unpack(a,z) = FEines |{l1=v1,....6;=E,.. b, =e,} | EL
e—e
fst (v1, va) —
snd (v1, va) — Uy
caseinlvofinlz = ey || inry = ey —  e1v/z]
caseinrvofinlz = ey || inry = e —  eav/y]
unpack (o, ) = (pack (7", v)as Ja.7)ines — eqr'/al[v/x]
({él:Ulyu-;gi:?}i,---gn:Un})-gi —r U;



AT ke :m AT Hey:m ATFe:m X1y A;ThHe:m X1

Pair Fst SND
AT F (eg,e9) : 11 X 7o ( ) A;T HAfste: ( ) A;T'Fsnde: ( )

A;Tke:n A;TFe:n
: (INL) -
A;THinle: 7 4+ 712 A;THinre: 7 + 7o

(INL)

AThe:m+1m AT z:mber: T AT y:mmbe: T

CASE
A;T Fcaseeofinlz = ey || inry = ez : 7 ( )
At A;Tke:
o e:7lo/al (PACK)
A;T F pack (o,e)as Ja. 7 : . 7
A;THep:da T Al 7 Aa;Tix:m7hes:m
. (UNPACK)
A;T F unpack (a,z) = ejines : 1o
A;The 7 forallie{1,...,n}
(RECORD)

ATH{ =€, by =ep} {171, b i Tn}

AThe:{ly im0 byl s T}
A;Fl—e.&'lﬁ‘

(PrOJ)

The logical relation for the extended language is exactly as above, except that we must also define when
values of product, sum, existential, and record types are related.
The value relation for products and existential types is defined as follows.

{ ((v1,02), (v1,v5)) € Atom[ry X T2|p | (v1,v1) € V[n]p A (v2,v5) € V[r]p}
{ (pack (11, v1) as Jav. p1(7), pack (12, v2) as Ja. p2(7)) € Atom[Tev. 7]p |
dR. R € Rel[Tl,TQ] A (’Ul,’Ug) S V[[T]] p[a — (Tl,TQ,R)]}

Vi x]p
V[3a.7]p

Exercise 2. (10 pts) Define the value relation for sum types and record types.

Exercise 3. (30 pts) Complete the following cases of the parametricity proof:

ATke:n
A;THinle:m + 7

(a) Case: (INL)

A;ThHe:m + 1 ATe:mbe 7 AT y:mabeg:r

(b) Case: . -
A;TFcaseeofinlz = ey || inry= ez : 7

(CASE)

A;TFep:da..T AFnA ol z:7he:

Case:
(c) Case A;T F unpack (a, x) = ejines : 1o

(UNPACK)




Free Theorems

Exercise 4. (15 pts) Let Fe:Va.a > a— o, b7, Fop:7,and b oy 7.
Prove the following: If e [7] v1 v —* v then either v = v1 or v = vs.

Exercise 5. (30 pts) Let Fe:Va.a —wa, F f:7—= 7, and Fv: T
Prove the following: -;-F f (e[r] v) = e[r'] (f v): 7.

Representation Independence

Parametricity is the essence of representation independence for abstract data types.
A relation R € Rel[r1, 2] captures the invariant relationship between two packages of type Ja.:
pack (11, v1) as Ja. 7 and pack (2, v9) as Ja. 7 if and only if:

(v1,v2) € V[7] Ol = (71,72, R)]

When two packages e; and es are logically related, they are indistinguishable by any client — that is,
the execution of a client e. cannot depend on whether e; or es is the provided package. In other words, if
a;z: Tk eq: T, then

;- unpack (o, ) = ey in e, &~ unpack (o, z) = egine. : 7,

For the exercises that follow, we must define when two values of type int are related. We use the
metavariable n for integers and extend the logical relation to integer types as follows:

Viintjp = {(n,n) € Atom]int]p}

Exercise 6. (15 pts) For each of the following pairs of packages e; and eq, say whether they are logically
related (contextually equivalent). If so, provide a proof. If not, provide a program context that can tell them
apart. (You may assume that the logical relation defined earlier in this document is sound with respect to
contextual equivalence.)

(a)

7 = Ja.ax (a— bool)
e1 = pack (int, (0, Az:int. (eq? 2 1))) as T
ea = pack (bool, (true, \x:bool. not x)) as T

7 = Fa.ax(a—int)
er = pack (string, { “hello”, Az:string. (string-length x))) as T
es = pack (int, (4, Az:int. 2)) as T



Exercise 7. (15 pts) Show that the following two implementations of counters are logically related.

Counter = Ja.{new: q,
inc: a— a,
get: a — int}

cl = {new =0,
inc= Az :int. z + 1,
get = Az :int. x}

cntrl = pack (int,cl) as Counter

c2 = {new =0,
inc=Azx:int. x — 1,
get = Az :int. 0 — z}

cntr2 = pack (int,c2) as Counter

Prove the following: ;- F cntrl =~ cntr2 : Counter.

You will need to use the value relation for record types from Exercise 2.



