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Announcements
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• Will start grading HW 1 
• Will release HW 2 this week
• Midterm exam on March 2
• Project proposal on March 7
– Will release some resources (datasets, project 

ideas)



Outline
• Non-linear regression
• Polynomial regression
• Cubic, spline regression

• Regularization
– Ridge regression 
– Lasso regression

• Classification
– K Nearest Neighbors (kNN)
– Bias-Variance tradeoff
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Multiple Linear Regression

• Dataset:	𝑥! ∈ 𝑅" , 𝑦! ∈ 𝑅
• Hypothesis ℎ# 𝑥 = 𝜃$𝑥
• MSE = %

&
∑ 𝜃$𝑥! − 𝑦! ' Loss / cost
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Polynomial Regression

• Polynomial function on single feature
– ℎ! 𝑥 = 𝜃" + 𝜃#𝑥 +⋯+ 𝜃$𝑥$
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Polynomial Regression

• Typically to avoid overfitting 𝑑 ≤ 4
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Polynomial Regression Training

• Simple Linear Regression
• ℎ! 𝑥 = 𝜃" + 𝜃#𝑥 +⋯+ 𝜃$𝑥$

• How to train model?
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Piecewise Polynomial

• Divide the space into regions
• Polynomial regression on each region
– Linear piecewise (degree 1), quadratic piecewise 

(degree 2), cubic piecewise (degree 3)
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Piecewise and spline regression
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Piecewise polynomial vs Regression 
spline
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Cubic splines
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Additive Models

• Multiple Linear Regression Model
– 𝑦% = 𝜃" + 𝜃#𝑥# +⋯+ 𝜃&𝑥&

• Additive Models
– 𝑦% = 𝜃" + 𝑓#(𝑥#) + ⋯+ 𝑓&(𝑥&)

• Can instantiate functions f with:
– Linear functions: 𝑓%(𝑥%) = 𝜃%𝑥%
– Quadratic: 𝑓%(𝑥%) = 𝜃%#𝑥% + 𝜃%'𝑥%'

– Cubic: 𝑓%(𝑥%) = 𝜃%#𝑥% + 𝜃%'𝑥%' + 𝜃%(𝑥%(
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Generalization in ML

• Goal is to generalize well on new testing data
• Risk of overfitting to training data
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Complex modelSimple model



Bias-Variance Tradeoff

• Bias = Difference between estimated and true models
• Variance = Model difference on different training sets

MSE is proportional to Bias + Variance

Over-fittingUnder-fitting
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Regularization

• A method for automatically controlling the 
complexity of the trained model

• Goals
– Reduce model complexity
– Reduce variance 
– Mitigate the bias-variance tradeoff

• Main techniques
– Modify loss function to account for regularization 

term (Ridge, Lasso)
– Perform feature selection and fit model on subset 

of features 
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Ridge regression

λ

• If λ = 0, we train linear regression
• If λ is large, the coefficients will shrink close to 0

#
'

)
'
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𝐽 𝜃 =-
%*#

+

ℎ! 𝑥% − 𝑦% ' + 𝜆-
,*#

&

𝜃,'



Bias-Variance Tradeoff

Linear 
regression

Reduced model 
complexity

Optimal
Ridge regression

VarianceBias

MSE
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Coefficient shrinkage

Predict credit card balance
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GD for Ridge Regression

𝜃, ← 𝜃,(1 − 𝛼𝜆) − 𝛼 ∑%*#+ ℎ! 𝑥% − 𝑦% 𝑥%,

Min Loss

𝐽 𝜃 =-
%*#

+

ℎ! 𝑥% − 𝑦% ' + 𝜆-
,*#

&

𝜃,'

Gradient update: 𝜃" ← 𝜃" − 𝛼∑%*#+ (ℎ!(𝑥%) − 𝑦%)

𝜃, ← 𝜃, − 𝛼-
%*#

+

ℎ! 𝑥% − 𝑦% 𝑥%, − 𝛼𝜆𝜃,

Regularization
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Lasso Regression

• L1 norm for regularization
• Results in sparse coefficients
• Issue: gradients cannot be computed around 0
• Method of sub-gradient optimization

𝐽 𝜃 = -
%*#

+

ℎ! 𝑥% − 𝑦% ' + 𝜆-
,*#

&

|𝜃,|

Squared 
Residuals

Regularization
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Alternative Formulations
• Ridge
– L2 Regularization

–min
!
∑%*#+ ℎ! 𝑥% − 𝑦% ' subject to ∑,*#& 𝜃,

'
≤ 𝜖

• Lasso
– L1 regularization

–min
!
∑%*#+ ℎ! 𝑥% − 𝑦% 'subject to ∑,*#& 𝜃, ≤ 𝜖
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Lasso vs Ridge
• Ridge shrinks all coefficients
• Lasso sets some coefficients at 0 (sparse solution)
– Perform feature selection

Lasso Ridge

Optimum Optimum
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𝜃! 𝜃!

𝜃"𝜃" "𝜃 "𝜃



Ridge vs Lasso
• Both methods can be applied to any loss function 

(regression or classification)
• In both methods, value of regularization 

parameter 𝜆 needs to be adjusted
• Both reduce model complexity
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• Ridge
+   Differentiable objective
+   Gradient descent converges 

to global optimum
- Shrinks all coefficients

• Lasso
- Gradient descent needs 

to be adapted
+   Results in sparse model
+ Can be used for feature    

selection in large dimensions



Binary or 
discrete
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𝑥#, … , 𝑥$ and 𝑦#, … , 𝑦$ , 𝑥% ∈ 𝑅&, 𝑦% ∈ {0, 1}

𝑓 𝑥% = 𝑦%



Example 1: Binary classification

Content-related features
• Use of certain words
• Word frequencies
• Language
• Sentence

Structural features
• Sender IP address
• IP blacklist
• DNS information
• Email server
• URL links (non-matching)

Classifying spam email

Binary classification: SPAM or HAM 25



Example 2: Multi-class classification
Image classification

Multi-class classification 26
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Distance Metrics
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Manhattan	Distance



kNN
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• Algorithm (to classify point 𝑥)
– Find 𝑘 nearest points to 𝑥 (according to distance metric)
– Perform majority voting to predict class of 𝑥

• Properties
– Does not learn any model in training!
– Instance learner (needs all data at testing time)
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