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Today’s Outline
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• Multiple Linear Regression
− Vector and matrix gradients 
− Closed-form solution derivation

• Lab in Python
− Simple LR
− Multiple LR

• Practical issues when training LR models



Supervised Learning: Regression
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𝑥!, 𝑦! ∈ 𝑅 𝑓

𝑓𝑥′

𝑦" = 𝑓 𝑥" ∈ 𝑅
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Least-Squares Linear Regression
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Interpretation
)𝒚 = 𝜽𝟎 + 𝜽𝟏𝒙

ℎ! 𝑥 = 𝜃" + 𝜃#𝑥

Residual

𝜽𝟏 = 𝚫𝐲/𝚫𝐱

Slope
𝜃" Intercept

MSE= #
$
∑%&#$ [ℎ! 𝑥% − 𝑦%]'
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𝑥!, 𝑦!



Solution for simple linear regression

𝑥̅ =
∑!%&' 𝑥!
𝑁

5𝑦 =
∑!%&' 𝑦!
𝑁
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• Training data 𝑥! ∈ 𝑅, 𝑦! ∈ 𝑅, ℎ" 𝑥 = 𝜃# + 𝜃$𝑥

• 𝐽 𝜃 = $
%
∑!&$% 𝜃# + 𝜃$𝑥! − 𝑦!

'
MSE / Loss

+, !
+!!

= '
$
∑%&#$ 𝜃" + 𝜃#𝑥% − 𝑦% = 0

+,(!)
+!"

= '
$
∑%&#$ 𝑥% 𝜃" + 𝜃#𝑥% − 𝑦% = 0

• Solution of min loss
– 𝜃" = +𝑦 − 𝜃# 𝑥̅

– 𝜃# =
∑ (0#10̅)(3# 1 43)

∑ 0#10̅ $



Multiple Linear Regression
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• Linear Regression with at least 2 predictors

• Dataset:	𝑥! ∈ 𝑅(, 𝑦! ∈ 𝑅



Vector norms: A norm of a vector ||x|| is informally a 
measure of the “length” of the vector.

– Common norms: L1, L2 (Euclidean)

– 𝐿)

Vector Norms
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Norms and Distances

• Any norm will induce 
a distance metric 
between 2 vectors
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Vector products

• Vector dot (inner) product:

• Vector outer product:

We will use lower case letters for vectors 
The elements are referred by xi.
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• Linear Model

Hypothesis Multiple LR

Vector inner product



Training data

Training example i

Feature 1 Feature d

• Total number of training example: N
• Dimension of training data point (number of features): d
• Dimension of matrix: Nx(d+1)
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𝑥&& 𝑥&(

𝑥!&

𝑥'& 𝑥'(

𝑥!(



Use Vectorization
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ℎ*(𝑥!) =B
+%,

(
𝜃+𝑥!+ = 𝜃- 𝑥!

Training 
data

Model 
parameter

Model prediction vector D𝑦

𝑥&&

𝑥!&

𝑥'& 𝑥'(

𝑥!(

𝑥&(



Loss function MSE

1
𝑛

1
𝑛

1
𝑛
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=
1
𝑁

D𝑦 − 𝑦
.

=
1
𝑁

X𝜃 − 𝑦 . ^

^

^

^

D𝑦(!)

𝐽 𝜃 =
1
𝑁
B
!%&

'

[ℎ* 𝑥! − 𝑦!].

= &
'
∑!%&' [ )𝑦! − 𝑦!].

𝑦 =

𝑦&
𝑦.
.
.
.
𝑦'

D𝑦 =

D𝑦&
D𝑦.
.
.
.
D𝑦'



Matrix and vector gradients

If 𝑦 = 𝑓 𝑥 , 𝑦 ∈ 𝑅5 , 𝑥 ∈ 𝑅6

If 𝑦 = 𝑓 𝑥 , 𝑦 ∈ 𝑅 scalar , 𝑥 ∈ 𝑅6 vector

+3
+0
= +3

+0"

+3
+0$

… +3
+0%

Jacobian 
matrix
(Matrix 

gradient)
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Vector gradient
(row vector)



Properties

• If w, x are 𝑑×1 vectors, ()
!*

(*
= 𝑤+

• If A: 𝑛×𝑑 𝑥: (𝑑×1),  (,*
(*

= 𝐴

• If A: 𝑑×𝑑 𝑥: (𝑑×1),  (*
!,*
(*

= 𝐴 + 𝐴+ 𝑥

• If A symmetric:  (*
!,*
(*

= 2𝐴𝑥

• If 𝑥: (𝑑×1),  ( *
"

(*
= 2𝑥+
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Min loss function

1
𝑛
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𝐽 𝜃 =
1
𝑁

X𝜃 − 𝑦 .

Using chain rule

𝑓 𝜃 = ℎ 𝑔 𝜃 ,
𝜕𝑓(𝜃)
𝜕𝜃

=
𝜕ℎ(𝑔(𝜃))

𝜕𝜃
𝜕𝑔(𝜃)
𝜕𝜃

ℎ 𝑥 = 𝑥
.
, 𝑔 𝜃 = 𝑋𝜃 − 𝑦

12(*)
1* = .

' [ X 𝜃 − 𝑦
-𝑋] = 0 ⇒ 𝑋- 𝑋𝜃 − 𝑦 = 0



Vectorization 

• Two options for operations on training data
– Matrix operations 
– For loops to update individual entries

• Most software packages are highly optimized 
for matrix operations
– Python numpy
– Preferred method!

• Matrix operations are much faster than loops!
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Closed-form solution
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𝐴𝐺𝐴 = 𝐴

𝑦 =

𝑦!
𝑦"
.
.
.
𝑦#

𝑥!! 𝑥!$

𝑥%! 𝑥%$

𝑥#! 𝑥#$



Multiple Linear Regression

• Dataset:	𝑥T ∈ 𝑅U , 𝑦T ∈ 𝑅
• Hypothesis ℎV 𝑥 = 𝜃W𝑥
• MSE = X

Y
∑ 𝜃W𝑥T − 𝑦T Z Loss / cost
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Closed-form optimum 
solution for linear regression



Lab Simple Linear Regression
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Boston house prediction dataset



Lab
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Lab
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Lab
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Lab
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Multiple LR Lab

27



Multiple LR Lab
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Simple vs Multiple LR
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Simple vs Multiple LR

30



Supervised Learning: Regression
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𝑥!, 𝑦! ∈ 𝑅 𝑓(𝑥)

𝑓(𝑥)𝑥′

𝑦" = 𝑓 𝑥" ∈ 𝑅
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Practical issues: Feature Standardization
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𝑥!"←
#&'$%'
&'

𝜇" =
1
𝑁'

!'(

)

𝑥!"



Other feature normalization

• Min-Max rescaling

– 𝑥%7 ←
0#& 15%6&
580& 15%6&

∈ [0,1]

–𝑚𝑖𝑛7 and𝑚𝑎𝑥7: min andmax value of feature j

• Mean normalization

– 𝑥%7 ←
0#& 19&

580& 15%6&

– Mean 0
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Feature standardization/normalization

• Goal is to have individual features on the 
same scale 

• Is a pre-processing step in most learning 
algorithms

• Necessary for linear models and Gradient 
Descent 

• Different options:
– Feature standardization
– Feature min-max rescaling
– Mean normalization
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Practical issues: Outliers

• Dashed model is without outlier point
• Linear regression is not resilient to outliers!
• Outliers can be eliminated based on residual value

• Use different loss functions (Huber loss)
35



Recap Linear Regression
• Optimal solution to min MSE

– Use vectorization for compact representation
• Advantages of linear regression

– Simplicity and interpretability
– Closed-form optimal solution (depends uniquely on 

training data)
• Limitations of linear regression

– Small capacity in number of parameters (d+1)
– Does not fit well non-linear data 

• Practical issues
– Feature standardization
– Outliers
– Categorical features
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