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Today’s Outline
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• Probability review
– Random variables (discrete)
– Expectation and variance
– Conditional probabilities and independence
– Bayes Theorem

• Linear algebra review
– Matrices
– Vectors
– Linear independence
– Rank of a matrix and matrix inverse



Probability review

3



Probability Resources

• Review notes from Stanford's machine 
learning class
– http://cs229.stanford.edu/section/cs229-

prob.pdf

• David Blei’s probability review
– https://khoury.neu.edu/home/eelhami/cou

rses/CS6140_Fall16/lecture0_review_proba
bility_1.pdf

• Books:
– Sheldon Ross, A First course in probability
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http://cs229.stanford.edu/section/cs229-prob.pdf
https://khoury.neu.edu/home/eelhami/courses/CS6140_Fall16/lecture0_review_probability_1.pdf


Discrete Random Variables
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A = 1 if It will snow tomorrow; and 0 otherwise
B = 1 if I will get >90 in the exam; and 0 otherwise

A random variable is a variable whose values 
depend on outcomes of a random event



Visualizing A
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Working with Probabilities
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• 0 ≤ 𝑃 𝐴 ≤ 1
• 𝑃 𝑈 = 1; 𝑃 Φ = 0
• 𝑃 ¬𝐴 = 1 − 𝑃(𝐴)
• 𝑃 𝐴 ∪ 𝐵 = 𝑃 𝐴 + 𝑃 𝐵 − 𝑃(𝐴 ∩ 𝐵)

A
B

𝑈

Union bound
𝑃 𝐴 ∪ 𝐵 ≤ 𝑃 𝐴 + 𝑃 𝐵



Examples discrete RV

• Bernoulli RV
– X is modelling a coin toss
– Output: 1 (head) or 0 (tail)
– P[X=1] = p; P[X=0] = 1-p

• Y is the number of points in a fair dice
– 𝑘 ∈ 1,… , 6 , P[Y = k]= 
– P[Y = even] = 
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Example discrete RV

• Z is the sum of two fair dice
– What is P[𝑍 = 𝑘] for 𝑘 ∈ {2,… , 12}?
– What is k for which this probability is maximum?
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Expectation and variance
Expectation for discrete random variable X
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𝐸 𝑋 =4
!

𝑣𝑃𝑟[𝑋 = 𝑣]

Bernoulli: P[X=1] =p; P[X=0] = 1-p



Expectation and variance
Expectation for discrete random variable X

Properties
• 𝐸 𝑎𝑋 = 𝑎 𝐸 𝑋
• 𝐸 𝑋 + 𝑌 = 𝐸 𝑋 + 𝐸 𝑌
• 𝐸 𝑓(𝑋) = ∑! 𝑓(𝑣)𝑃𝑟[𝑋 = 𝑣]

Variance
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𝐸 𝑋 =4
!

𝑣𝑃𝑟[𝑋 = 𝑣]



Variance of Bernoulli

• Variance: Var 𝑋 = 𝐸 𝑋! − 𝐸!(𝑋)
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Bernoulli: P[X=1] =p; P[X=0] = 1-p



Conditional Probability

Events A and B are independent if   Pr[ A ∩ B ] = Pr[A] · Pr[B]
If 𝐴 and 𝐵 are independent

Pr[𝐴|𝐵] =
Pr 𝐴 ∩ 𝐵
Pr[𝐵]

=
Pr 𝐴]Pr[𝐵
Pr[𝐵]

= Pr[A]
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Inference from Conditional Probability
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Inference from Conditional Probability
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Inference from Conditional Probability 
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Inference from Conditional Probability 
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Bayes Theorem



Bayes’ Rule
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Multi-Value Random Variable
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A: Month of the Year

𝑃 𝐴 = 𝐽𝑎𝑛 =
31
365

𝑃 𝐴 = 𝐹𝑒𝑏 =
28
365

EXAMPLE



Marginalization
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A: Month of the Year; B: Tomorrow is sunny

𝑃 𝑆𝑢𝑛𝑛𝑦 =4
,-.

./

𝑃 𝑆𝑢𝑛𝑛𝑦 𝐴 = 𝑀𝑜𝑛𝑡ℎ 𝑖)𝑃(𝐴 = 𝑀𝑜𝑛𝑡ℎ 𝑖)

=4
,-.

0

𝑃 𝐵 𝐴 = 𝑣,)𝑃(𝐴 = 𝑣,)

EXAMPLE



Linear algebra review
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Resources
• Zico Kolter, Linear algebra review
– http://cs229.stanford.edu/section/cs229-

linalg.pdf

• Books: 
– O. Bretscher, Linear Algebra with 

Applications
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http://cs229.stanford.edu/section/cs229-linalg.pdf


Vectors and matrices
• Vector in Rn is an ordered 

set of n real numbers.
– e.g. v = (1,6,3,4) is in R4

– A column vector:
– A row vector:

• m-by-n matrix is an object 
in Rmxn with m rows and n 
columns, each entry filled 
with a (typically) real 
number:
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Vector operations
• Addition component by component
𝑎!, 𝑎", … , 𝑎# + 𝑏!, 𝑏", … , 𝑏# = [𝑎! + 𝑏!, … , 𝑎# + 𝑏#]

1, −2,5 + 0,3,7 =

• Subtraction is also done component by component
𝑎!, 𝑎", … , 𝑎# − 𝑏!, 𝑏", … , 𝑏# = [𝑎! − 𝑏!, … , 𝑎# − 𝑏#]
– Can add and subtract row or column vectors of same dimension

• Dot product 
– Only works for row and column vector of same size 

𝑎!, 𝑎", … , 𝑎# ⋅
𝑏!
…
𝑏1

= [𝑎!𝑏! +⋯+ 𝑎#𝑏#]

1, −2,5 ⋅
0
3
7
=
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Matrix multiplication

• Matrix product:

÷÷
ø

ö
çç
è

æ
++
++

=

÷÷
ø

ö
çç
è

æ
=÷÷

ø

ö
çç
è

æ
=

2222122121221121

2212121121121111

2221

1211

2221

1211 ,

babababa
babababa

AB

bb
bb

B
aa
aa

A

We will use upper case letters for matrices. The elements 
are referred by Ai,j. 

e.g.
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Matrix transpose
Transpose: You can think of it as 
– “flipping” the rows and columns 

OR 
– “reflecting” vector/matrix on line 
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e.g.

A is a symmetric matrix if 𝐴 = 𝐴!
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Linear independence
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• A set of vectors is linearly independent if none of them can 
be written as a linear combination of the others.

• Vectors x1,…,xk are linearly independent if c1x1+…+ckxk = 0 
implies c1=…=ck=0

• Otherwise they are linearly

27

𝑥. =
1
2
1

𝑥/ =
0
3
3

dependent



Linear independence
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• A set of vectors is linearly independent if none of them can 
be written as a linear combination of the others.

• Vectors x1,…,xk are linearly independent if c1x1+…+ckxk = 0 
implies c1=…=ck=0

• Otherwise they are linearly
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Linear independence
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(𝑐., 𝑐/)=(0,0), i.e. the columns 
are linearly independent.

• A set of vectors is linearly independent if none of them can 
be written as a linear combination of the others.

• Vectors v1,…,vk are linearly independent if c1v1+…+ckvk = 0 
implies c1=…=ck=0

• Otherwise they are linearly
dependent

𝑥2 = −2𝑥. + 𝑥/

Linearly dependent
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Rank of a Matrix

• rank(A) (the rank of a m-by-n matrix A) is
The maximal number of linearly independent columns
The maximal number of linearly independent rows

• If A is n by m, then
– rank(A)<= min(m,n)

• Examples 2 1 3
0 5 2
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Inverse of a matrix
• Inverse of a square matrix A, denoted by A-1 

is the unique matrix s.t.
– AA-1 =A-1A=I (identity matrix)

• Inverse of a square matrix exists only if the 
matrix is full rank

• If A-1 and B-1 exist, then 
– (AB)-1 = B-1A-1

– (AT)-1 = (A-1)T
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System of linear equations

Matrix formulation

If A has an inverse, solution is 𝑥 = 𝐴+,𝑏
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