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Announcements
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• Final Project
– Feedback for proposal will be posted on Gradescope
– Project milestone due on April 13

• Report your progress and receive feedback

– Project video recording (5 minute presentation) due 
on May 2

– Project report due on May 2 (6-8 pages)

• Homework 4
– Release on March 28, due on April 6

• Final exam: April 20



Outline
• Generative classifiers 
• Naïve Bayes classifiers
– Naïve Bayes assumption
– Laplace smoothing
– Comparison to LDA

• Decision trees
– Information gain / entropy measures
– Training algorithm
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Recap: ML Concepts

• Supervised vs unsupervised learning
• Classification vs regression
• Linear vs non-linear classifiers
• Generative vs discriminative classifiers
• Loss functions 
• Metrics for evaluation
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Generative vs Discriminative
• Generative model 
– Given X and Y, learns the joint probability 𝑃 𝑋, 𝑌
– Can generate more examples from distribution
– Examples: LDA, Naïve Bayes, language models 

(GPT-2, GPT-3, BERT)

• Discriminative model 
– Given X and Y, learns a decision function for 

classification
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Generative classifiers based on Bayes 
Theorem
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LDA Training and Testing
Given training data 𝑥! , 𝑦! , 𝑖 = 1,… , 𝑛, 𝑦! ∈ {1,… , 𝐾}

1. Estimate mean 
and variance

2. Estimate prior

Given testing point 𝑥, predict k that maximizes:
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Naïve Bayes Classifier

P[𝑌 = 𝑘]P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘
P[𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥"]

P 𝑌 = 𝑘 𝑋 = 𝑥
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Learning Joint Distributions
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Example – Learning Joint Probability 
Distribution
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Naïve Bayes Classifier

P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘 =+
#$!

"

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘]
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Using the Naïve Bayes Classifier

𝑘 𝑘

𝑘 𝑘

P[𝑌 = 𝑘]P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘
P[𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥"]P 𝑌 = 𝑘 𝑋 = 𝑥
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Using the Naïve Bayes Classifier

𝑘 𝑘

𝑘 𝑘

P[𝑌 = 𝑘]P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘
P[𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥"]P 𝑌 = 𝑘 𝑋 = 𝑥
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Naïve Bayes Classifier

𝑘 𝑘

TRAIN
• For each class label 𝑘

1. Estimate prior 𝜋" = 𝑃[𝑌 = 𝑘] from the data 
2. For each value 𝑣 of attribute 𝑋#
• Estimate P 𝑋# = 𝑣 𝑌 = 𝑘

TEST on INPUT 𝑥 = (𝑥$, … , 𝑥%)
• For every k, compute the probabilities 
• 𝑝" = 𝑃 𝑌 = 𝑘 ∏#&$

% 𝑃 𝑋# = 𝑥# 𝑌 = 𝑘]
• Classify x to the class k that maximizes 𝑝"
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Training Naïve Bayes
𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Prior: P(Play = Yes) =                                  P(Play = No) = 

Conditional feature distributions
P(Sky = sunny| Play = Yes )=                     P(Sky = sunny| Play = No )=
P(Temp = warm|Play = Yes) =                   P(Temp = warm|Play = No) =
P(Humid = high|Play = Yes) =                    P(Humid = high|Play = No) =

cold



Training Naïve Bayes
𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Classify new point:

X: Sky = sunny, Temp = cold, Humid = high

cold



Laplace Smoothing

𝑘

𝑘
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Laplace Smoothing

𝑘

𝑘
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Naïve Bayes Classifier

𝑘 𝑘

TRAIN
• For each class label 𝑘

1. Estimate prior 𝜋" = 𝑃[𝑌 = 𝑘] from the data 
2. For each value 𝑣 of attribute 𝑋#
• Estimate P 𝑋# = 𝑣 𝑌 = 𝑘 with Laplace smoothing

TEST on INPUT 𝑥 = (𝑥$, … , 𝑥%)
• For every k, compute the probabilities 
• 𝑃 𝑌 = 𝑘 ∏#&$

% 𝑃 𝑋# = 𝑥# 𝑌 = 𝑘]
• Classify x to the class k that maximizes the above 

product
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Continuous Features

• Naïve Bayes can be extended to continuous 
features

• Gaussian Naïve Bayes
– Here an additional assumption is that each 

distribution 𝑃 𝑋#|𝑌 = 𝑘 is Gaussian 𝑁(𝜇# , 𝜎#)
– It estimates the mean and standard deviation 

from training data

• This leads to a linear classifier 
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Comparison to LDA
• Similarity to LDA
– Both are generative models
– They both estimate:
𝑃 𝑋 = 𝑥 and 𝑌 = 𝑘 = 𝑃 𝑋 = 𝑥 𝑌 = 𝑘 𝑃 𝑌 = 𝑘

Using Bayes Theorem
• Difference from LDA
– Naïve Bayes can handle discrete data
– LDA uses multi-variate normal
– LDA assumes same variances for all classes
– Naïve Bayes make the conditional independence 

assumption 
– LDA is linear, while Naïve Bayes is usually not linear

21



Naïve Bayes Summary
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Outline
• Generative classifiers 
• Naïve Bayes classifiers
– Naïve Bayes assumption
– Laplace smoothing
– Comparison to LDA

• Decision trees
– Information gain / entropy measures
– Training algorithm
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Sample Dataset

Categorical 
data
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< 𝑥! , 𝑦! >

< 𝑥! , 𝑦! >



Decision Tree
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Decision Tree
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Interpretability
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Learning Decision Trees
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Key Idea: Use Recursion Greedily
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Second Level
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Full Tree
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Overfitting
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Solutions against Overfitting

• Pruning
− Remove branches of the tree that increase 

error using cross-validation
33


