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Outline
• Logistic regression
– Classification based on probability

• Maximum Likelihood Estimation
– Application to logistic regression
– Cross-entropy objective

• Gradient descent for logistic regression 
• Logistic regression lab
• Evaluation metrics for classifiers 
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Linear Classifiers

ℎ! 𝑥 = 𝑓(𝜃"𝑥) linear function
• If 𝜃"𝑥 > 0 classify “Class 1”
• If 𝜃"𝑥 < 0 classify “Class 0”

All the points x on the hyperplane satisfy: 𝜃"𝑥 = 0
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Logistic Regression
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𝑃(𝑌 = 1|𝑋; 𝜃)



Logistic Regression 

Logistic Regression is a linear classifier!
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𝑌 = 1 if

𝑌 = 0 if



Maximum Likelihood Estimation (MLE)

Given training data  𝑋 = 𝑥', … , 𝑥( with labels  
Y = 𝑦', … , 𝑦(

What is the likelihood of training data for parameter 𝜃?

Define likelihood function

Assumption: training labels are conditionally independent

𝑀𝑎𝑥! 𝐿 𝜃 = 𝑃[𝑌|𝑋; 𝜃]

𝐿 𝜃 ='
"#$

%

𝑃[𝑌 = 𝑦"|𝑋 = 𝑥"; 𝜃]

General probabilistic method for classifier training
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Log Likelihood
• Max likelihood is equivalent to maximizing log 

of likelihood

𝐿 𝜃 =$
!"#

$

𝑃[𝑌 = 𝑦!|𝑋 = 𝑥!; 𝜃]

log 𝐿 𝜃 =1
!"#

$

log 𝑃[𝑌 = 𝑦!|𝑋 = 𝑥!; 𝜃]

• They both have the same maximum 𝜃%&'
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MLE for Logistic Regression

P 𝑌 = 𝑦" 𝑋 = 𝑥"; 𝜃 = ℎ! 𝑥" &! 1 − ℎ! 𝑥"
$'&!
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How to Train Logistic Regression
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Cross-Entropy Objective
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𝐽 𝜃 = − 3
)*'

(

[𝑦+log ℎ!(𝑥)) + (1 − 𝑦))log 1 − ℎ! 𝑥) ]



Cross-Entropy Objective

Cross-entropy loss
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𝐽 𝜃 = − 3
)*'

(

[𝑦+log ℎ!(𝑥)) + (1 − 𝑦))log 1 − ℎ! 𝑥) ]

ℎ!(𝑥"), 𝑦"



Intuition
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Intuition
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Intuition
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Gradient Descent for Logistic 
Regression

𝐽 𝜃 = − 4
"#$

%

[𝑦(log ℎ!(𝑥") + (1 − 𝑦")log 1 − ℎ! 𝑥" ]
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Gradient Computation
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Gradient Descent for Logistic 
Regression
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𝜃) ← 𝜃) − 𝛼∑"#$% ℎ!(𝑥") − 𝑦"

𝜃* ← 𝜃* − 𝛼4
"#$

%
ℎ!(𝑥") − 𝑦" 𝑥"*

𝐽 𝜃 = − 4
"#$

%

[𝑦(log ℎ!(𝑥") + (1 − 𝑦")log 1 − ℎ! 𝑥" ]



Gradient Descent for Logistic 
Regression

This looks IDENTICAL to Linear Regression! 
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𝜃) ← 𝜃) − 𝛼∑"#$% ℎ!(𝑥") − 𝑦"

𝜃* ← 𝜃* − 𝛼4
"#$

%
ℎ!(𝑥") − 𝑦" 𝑥"*



Regularized Logistic Regression

L2 regularization
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𝐽 𝜃 = − 4
"#$

%

[𝑦(log ℎ!(𝑥") + (1 − 𝑦")log 1 − ℎ! 𝑥" ]



Logistic Regression
Lab Example
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Classifier Evaluation

• Classification is a supervised learning problem
– Prediction is binary or multi-class

• Classification techniques
– Linear classifiers 
• Perceptron (online or batch mode)
• Logistic regression (probabilistic interpretation)

– Instance learners 
• kNN: need to store entire training data

• Cross-validation should be used for parameter 
selection and estimation of model error
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Evaluation of classifiers
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Classification Metrics
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• Training set accuracy and error
• Testing set accuracy and error



Confusion Matrix
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Review
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• Maximum Likelihood Estimation (MLE) is a 
general statistical method for parameter 
estimation 

• Logistic regression is a linear classifier that 
predicts class probability 
– Cross-entropy objective derived with MLE

• Logistic regression can be trained with 
Gradient Descent
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