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Outline

Logistic regression

— Classification based on probability

Maximum Likelihood Estimation

— Application to logistic regression
— Cross-entropy objective

Gradient descent for logistic regression
Logistic regression lab

Evaluation metrics for classifiers



Linear Classifiers

* Linear classifiers: represent decision boundary by hyperplane

I 0o ] Q -
0, 2,
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hg(x) = f(0Tx) linear function
e If87x > 0 classify “Class 1”
e If87x < 0 classify “Class 0”

All the points x on the hyperplane satisfy: 07x = 0



Logistic Regression

* Takes a probabilistic approach to learning
discriminative functions (i.e., a classifier)

* hg(x) should give P(Y =1|X;6)
—Want 0 < hg(x) <1

* Logistic regression model:

h,g(aj‘) = g (HT m) LOgiStiC/SiﬁmOid Function
1 g(z)
9(z) = 1l +e—%




Logistic Regression

i ol
he(z) = g (8Tx) 9()
1

g(z) = 0.5

14+ e=%
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OTx should be large negative 0T should be large positive
values for negative instances values for positive instances

* Assume a threshold and...
— Predict Y = 1if hg(ax) > 0.5
— Predict Y =0if hg(x) < 0.5

Logistic Regression is a linear classifier!




Maximum Likelihood Estimation (MLE)

Given training data X = {x, ..., x5} with labels
Y= {yi, yn}

What is the likelihood of training data for parameter 87

Define likelihood function

Maxg L(6) = P[Y|X; 0]

Assumption: training labels are conditionally independent
N
L@ = | [Py =yix = x; 01
i=1

General probabilistic method for classifier training



Log Likelihood

* Max likelihood is equivalent to maximizing log
of likelihood

N
L) = | [PV = yulx = x5 0]

N
logL(6) = ) 1ogP[Y = yiX = x; 6]
=1

* They both have the same maximum 6,;; ¢



MILE for Logistic Regression

P(Y = y;1X = x;;0) = hg(x;)Vi(1 — he(xi))l_yi

Oy = argmaxg ZIiV:1108P[Y = y;|X = x;; 0]

N
= argmaxg 2 yilog hg(x;) + (1 — y;)log (1 — hy (Xi))

=1
Logistic regression objective

minJ(6)

N

J©) = = ) [log hg(xs) + (1= ylog (1 = hy (x)]

=1



Cross-Entropy Objective

N

J©) = = ) [loghg(x) + (1 = y)log (1 = g ()]
* Cost oflazéingle instance:

ost (7 y) = —log(he(x)) if y =1
cost ol).u) = { —log(1 — he(x)) ify=0

* Can re-write objective function as

n

J(0) = Z cost ( ho(x;), Vi )

1=1
\ J
|

Cross-entropy loss




Intuition

_‘ B —log(hg(x)) ify=1
cost (ho(z),y) = { —log(1 — hg(x)) ify=0

Aside: Recall the plot of log(z)

05 1

05+




Intuition

, N — 10g(h9(a})) ify=1
cost (he(x),y) = { “Tog(1 — he(z)) ify =0

Ify=1
* Cost =0 if prediction is correct
fy=1 * As hg(x) — 0, cost — o0

* Captures intuition that larger
cost mistakes should get larger
penalties

— e.g., predict hg(x) =0,buty=1
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Intuition

| B —log(he(x)) ify=1
cost (he(),y) = { —log(1 — hg(x)) ify=0

Ify=0

* Cost =0 if prediction is correct
Ify=1 * As (1 — hg(x)) — 0,cost — oo
Ify=0

* Captures intuition that larger
cost mistakes should get larger
penalties
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Gradient Descent for Logistic
Regression

N

J©) = = ) [yilog hg(x:) + (1 - yp)log (1 = hg(x)))

=1

Want ngn J(0)

* |nitialize @
* Repeat until convergence

0 simultaneous update
05 < 0; _Q(‘)_ij(g) forj=0...d




Computing Gradients

* Derivative of sigmoid

- 9@ = =0’ = G = 9@ (A~ g(@)

e Derivative of hypothesis
— ho(x;) = g(8"x;) = g(6x;j + Xxsj OXix)

oh (Xi) 6g(0 xl)
- %@ 66’ g(eT l)(l o g(HT l))xl]

* Derivation of (;
a
L= = Viy (x)g(HT l)(l g(HTxl))xl]
(1= ) 15 8072 (1 — 8(0™x)xy;
= (y; — hg(x;))x;;




Gradient Descent for Logistic

Regression
N
J©) = = ) [yilog hg(x:) + (1 - yp)log (1 = hg(x)))
=1
Want 11211 J(0)
* Initialize @
. Repeat until convergence (simultaneous update forj=0 ... d)

Oy « 0y — “Zliv=1(h9 (xi) — yi)

N
0; « 6; — azi—1(h9 () — yi)xij




Gradient Descent for Logistic

Regression
Want ngn J(0)
* |nitialize @
° Repeat until convergence (simultaneous update forj=0 ... d)

Oy « 0y — aZIiV=1(h9 (xi) — yi)

N
0; « 6; — az-=1(h9 (x;) — yi)xi;

l

This looks IDENTICAL to Linear Regression!

However, the form of the model is very different:

1
ho(@) = ] Le0'x




Regularized Logistic Regression

N

J(6) = — E[Yilog hg(x;) + (1 — yy)log (1 — hg(x;))]

=1

* We can regularize logistic regression exactly as before:
d
']rcgularizod(e) — ](9) -+ A Z HJZ
J=1
= J(0) + M|6p.qll3

L2 regularization
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Logistic Regression
Lab Example



Classifier Evaluation

e Classification is a supervised learning problem

— Prediction is binary or multi-class
* C(Classification techniques
— Linear classifiers

* Perceptron (online or batch mode)
 Logistic regression (probabilistic interpretation)

— Instance learners

* KNN: need to store entire training data

* Cross-validation should be used for parameter
selection and estimation of model error



Evaluation of classifiers

Given: labeled training data X, Y = {(z;, y:)},—,

* Assumes each x; ~ D(X)

X, Y
|

Train the model:
model € classifier.train(X, Y ) lﬂ—‘

X —>

model

—> Yprediction

Apply the model to new data:

* Given: new unlabeled instance x ~ D(X)

Yprediction & model.predict(x)
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Classification Metrics

# correct predictions

accuracy = ,
# test instances

# incorrect predictions

error = 1 — accuracy = :
# test instances

* Training set accuracy and error
* Testing set accuracy and error
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Confusion Matrix

Given a dataset of PP positive instances and /V negative instances:

Predicted Class
Yes No

Yes TP FN

Z
@)

FP TN

Actual Class
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Accuracy and Error

Given a dataset of P positive instances and /V negative instances:

Predicted Class

Yes No
é@ Yes FN
o
= No FP
@)
<
TP +TN
accuracy =
"TTP+N

Predicted Class

Yes No
é‘; Yes TP
E
g No N)

, TP +1TN
error = | —
P+ N
_ FP+FN

P+ N
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Review

e Maximum Likelihood Estimation (MLE) is a
general statistical method for parameter

estimation

* Logistic regression is a linear classifier that
predicts class probability

— Cross-entropy objective derived with MLE

e Can be trained with Gradient Descent
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