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Today’s Outline
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• Announcements
• First tutorial (recording and notebook) available on 

Canvas
• Panda tutorial by Omkar on Wed at 4pm

• Multiple Linear Regression
− Vector and matrix gradients 
− Closed-form solution derivation

• Lab in Python
− Simple LR
− Multiple LR

• Practical issues when training LR models



Supervised Learning: Regression
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𝑥!, 𝑦! ∈ 𝑅 𝑓(𝑥)

𝑓(𝑥)𝑥′

𝑦" = 𝑓 𝑥" ∈ 𝑅
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Least-Squares Linear Regression
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Interpretation
+𝒚 = 𝜽𝟎 + 𝜽𝟏𝒙

ℎ! 𝑥 = 𝜃" + 𝜃#𝑥

Residual

𝜽𝟏 = 𝚫𝐲/𝚫𝐱

Slope
𝜃" Intercept

MSE= #
$
∑%&#$ [ℎ! 𝑥% − 𝑦%]'
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𝑥!, 𝑦!



Solution for simple linear regression

𝑥̅ =
∑!%&' 𝑥!
𝑁

7𝑦 =
∑!%&' 𝑦!
𝑁
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• Dataset 𝑥!∈ 𝑅, 𝑦! ∈ 𝑅, ℎ" 𝑥 = 𝜃# + 𝜃$𝑥

• 𝐽 𝜃 = $
%
∑!&$% 𝜃# + 𝜃$𝑥! − 𝑦!

'
MSE / Loss

+, !
+!!

= '
$
∑%&#$ 𝜃" + 𝜃#𝑥% − 𝑦% = 0

+,(!)
+!"

= '
$
∑%&#$ 𝑥% 𝜃" + 𝜃#𝑥% − 𝑦% = 0

• Solution of min loss
– 𝜃" = +𝑦 − 𝜃# 𝑥̅

– 𝜃# =
∑ (0#10̅)(3# 1 43)

∑ 0#10̅ $



Multiple Linear Regression

7

• Linear Regression with at least 2 predictors

• Dataset:	𝑥! ∈ 𝑅(, 𝑦! ∈ 𝑅



Vector norms: A norm of a vector ||x|| is informally a 
measure of the “length” of the vector.

– Common norms: L1, L2 (Euclidean)

– 𝐿)

Vector Norms
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Vector products

• Vector dot (inner) product:

• Vector outer product:

We will use lower case letters for vectors 
The elements are referred by xi.
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Hypothesis Multiple LR

Vector inner product



Training data
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Use Vectorization
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ℎ(𝑥!) =B
*%+

(
𝜃*𝑥!* = 𝜃, 𝑥!



Loss function MSE

1
𝑛

1
𝑛

1
𝑛
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^

^

^

^

F𝑦(!)

𝐽 𝜃 =
1
𝑁
B
!%&

'

[ℎ/ 𝑥! − 𝑦!]0

𝑦 =

𝑦&
𝑦0
.
.
.
𝑦'

F𝑦 =

F𝑦&
F𝑦0
.
.
.
F𝑦'



Matrix and vector gradients

If 𝑦 = 𝑓 𝑥 , 𝑦 ∈ 𝑅5 , 𝑥 ∈ 𝑅6

If 𝑦 = 𝑓 𝑥 , 𝑦 ∈ 𝑅 scalar , 𝑥 ∈ 𝑅6 vector
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Properties

• If w, x are 𝑑×1 vectors, ()
!*

(*
= 𝑤+

• If A: 𝑛×𝑑 𝑥: (𝑑×1),  (,*
(*

= 𝐴

• If A: 𝑑×𝑑 𝑥: (𝑑×1),  (*
!,*
(*

= 𝐴 + 𝐴+ 𝑥

• If A symmetric:  (*
!,*
(*

= 2𝐴𝑥

• If 𝑥: (𝑑×1),  ( *
"

(*
= 2𝑥+
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Min loss function

1
𝑛
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𝐽 𝜃 =
1
𝑁

X𝜃 − 𝑦 0
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How Well Does the Model Fit?
• Residual Sum of Squares

– 𝑅𝑆𝑆 = ∑[𝑅! ]2 = ∑ 𝑦! − (𝜃+ + 𝜃&𝑥!) 0

• Total Sum of Squares
– T𝑆𝑆 = ∑ 𝑦! − 7𝑦 0

– Total variance of the response
• Proportion of variability in Y that can be explained using X

– 𝑅" = 1 − #$$
%$$

∈ [0,1]

• Correlation between feature and response

• For simple regression 𝑅0 is equal to 𝜌0
• For multiple LR, 𝑅0 can be used 
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𝜌 = 𝐶𝑜𝑟𝑟 𝑋, 𝑌 =
∑!%&' 𝑥! − 𝑥̅ 𝑦! − 7𝑦

√∑!%&' 𝑥! − 𝑥̅ 0√∑!%&' 𝑦! − 7𝑦 0



Vectorization 

• Two options for operations on training data
– Matrix operations 
– For loops to update individual entries

• Most software packages are highly optimized 
for matrix operations
– Python numpy
– Preferred method!

• Matrix operations are much faster than loops!
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Closed-form solution
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𝐴𝐺𝐴 = 𝐴

𝑦 =

𝑦!
𝑦"
.
.
.
𝑦#

𝑥!! 𝑥!$

𝑥%! 𝑥%$

𝑥#! 𝑥#$



Multiple Linear Regression

• Dataset:	𝑥W ∈ 𝑅X , 𝑦W ∈ 𝑅
• Hypothesis ℎY 𝑥 = 𝜃Z𝑥
• MSE = [

\
∑ 𝜃Z𝑥W − 𝑦W ] Loss / cost
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Lab Simple Linear Regression
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Boston house prediction dataset



Lab
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Lab
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Lab
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Lab
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Multiple LR Lab
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Multiple LR Lab

30



Simple vs Multiple LR
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Simple vs Multiple LR
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