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Announcements
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• Homework 3 is due on Monday, March 8
• Project proposal is due on March 4
• Midterm exam is on Tuesday, March 2
– During class on Gradescope, 11:45am:1:45pm
– Short review today



Outline
• Midterm exam review
• Density Estimation 
• Naïve Bayes
– Independence assumption
– Training Naïve Bayes
– Laplace smoothing
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Midterm Exam Review
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What we covered: I
• Bias-Variance Tradeoff
• Linear Regression
– Closed form simple and multiple Linear Regression
– Correlation and regression

• Gradient Descent (GD)
– General algorithm
– GD for Linear Regression; comparison to closed form

• Non-linear regression: polynomial, spline 
regression

• Regularization
– Ridge and Lasso regularization
– GD for Ridge regression
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What we covered: II
• Classifiers 
– Linear vs non-linear classification
– Generative vs Discriminative models

• kNN classifier
• Logistic regression
– Maximum Likelihood Estimation (MLE)
– Cross-entropy objective
– GD for logistic regression

• Linear Discriminant Analysis (LDA)
• Cross-validation
• Evaluation of classifiers
– Metrics: precision, recall, F1 score, accuracy, error, 

confusion matrix 
– ROC curves, AUC 
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ML Models

• Categorization
– Is it a linear or non-linear?
– Is it generative or discriminative?

• For each ML model
– Understand how training is done
– Take a small example and train a model 
• E.g., linear regression, LDA

– Once you have a model know how to evaluate a 
point and generate a prediction
• Example: predict probability by logistic regression 

model or kNN
7



How to measure performance

• Regression: MSE
• Why we need multiple metrics
– Accuracy, error
– Precision, recall
– Confusion matrix
– F1 score
– ROC curves, AUC 

• Compute these metrics on small examples
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Type I: Conceptual

• Example 1: Describe difference between 
classification and regression

• Example 2: List two methods for regularization 
and compare them

• Example 3: Provide advantages and 
disadvantages, and compare the following:
– Linear regression with polynomial regression
– Gradient descent vs closed form solution for linear 

regression
– Generative vs discriminative models
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Type II: Computational

• Example 1: Given a small dataset, train a 
particular ML model 
– E.g., linear regression, LDA, etc. 
– Evaluate model on some small training and testing 

data 
• Example 2: Given a particular model, describe 

the training process and count the number of 
parameters 

• Example 3: Compute different metrics: 
accuracy, precision, recall, etc. 
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Type III: Case Study
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• Example: Consider the problem of predicting a 
patient’s risk to a disease. The features include 
demographic information (address, zip code), as 
well as measurements from blood test results in 
the last 2 years. Assume there is a datasets 
including patients with and without the disease.

Describe the process to:
1. Represent the features in a format suitable for 

ML
2. How would you do feature selection
3. Describe what models you would use and why



Generative vs Discriminative
• Generative model
– Given X and Y, learns the joint probability 𝑃 𝑋, 𝑌
– Can generate more examples from distribution
– Examples: LDA, Naïve Bayes, language models 

(GPT-2, GPT-3, BERT)

• Discriminative model 
– Given X and Y, learns a decision function for 

classification
– Examples: logistic regression, kNN
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LDA

• Classify to one of k classes
• Logistic regression computes directly
– P 𝑌 = 1 𝑋 = 𝑥
– Assume sigmoid function

• LDA uses Bayes Theorem to estimate it

– P 𝑌 = 𝑘 𝑋 = 𝑥 = ! 𝑋 = 𝑥 𝑌 = 𝑘 ![#$%]
!['$(]

– Let 𝜋% = P[𝑌 = 𝑘] be the prior probability of class 
k and 𝑓% 𝑥 = P 𝑋 = 𝑥 𝑌 = 𝑘
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LDA Training and Testing
Given training data 𝑥) , 𝑦) , 𝑖 = 1,… , 𝑛, 𝑦) ∈ {1,… , 𝐾}

1. Estimate mean 
and variance

2. Estimate prior

Given testing point 𝑥, predict k that maximizes:
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Essential probability concepts
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theft

theft

Prior and Joint Probabilities

theft

┐theft
Theft

theft
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Computing Prior Probabilities

theft

┐theft

theft

theft theft
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The Joint Distribution
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Learning Joint Distributions
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Density Estimation
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Curse of Dimensionality
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Naïve Bayes Classifier

P[𝑌 = 𝑘]P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘
P[𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥"]

P 𝑌 = 𝑘 𝑋 = 𝑥
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Naïve Bayes Classifier

P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘 =+
#$!

"

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘]
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Using the Naïve Bayes Classifier

𝑘 𝑘

𝑘 𝑘

P[𝑌 = 𝑘]P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘
P[𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥"]P 𝑌 = 𝑘 𝑋 = 𝑥
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Using the Naïve Bayes Classifier

𝑘 𝑘

𝑘 𝑘

P[𝑌 = 𝑘]P 𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥" 𝑌 = 𝑘
P[𝑋! = 𝑥! ∧ ⋯∧ 𝑋"= 𝑥"]P 𝑌 = 𝑘 𝑋 = 𝑥
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Naïve Bayes Classifier

𝑘 𝑘

• For each class label 𝑘
1. Estimate prior 𝜋% = 𝑃[𝑌 = 𝑘] from the data 
2. For each value 𝑣 of attribute 𝑋*
• Estimate P[𝑋* = 𝑣|𝑌 = 𝑘]
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Training Naïve Bayes

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

𝑃 𝑋# = 𝑥# 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Laplace Smoothing

𝑘

𝑘
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Naïve Bayes Classifier

𝑘 𝑘

• For each class label 𝑘
1. Estimate prior 𝜋% = 𝑃[𝑌 = 𝑘] from the data 
2. For each value 𝑣 of attribute 𝑋*
• Estimate P[𝑋* = 𝑣|𝑌 = 𝑘]
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Continuous Features

• Naïve Bayes can be extended to continuous 
features

• Gaussian Naïve Bayes
– Here an additional assumption is that each 

distribution 𝑃 𝑋*|𝑌 = 𝑘 is Gaussian 𝑁(𝜇* , 𝜎*)
– It estimates the mean and standard deviation 

from training data

• This leads to a linear classifier 

35



Comparison to LDA

• Similarity to LDA
– Both are generative models
– They both estimate:
𝑃 𝑋 = 𝑥 and 𝑌 = 𝑘 = 𝑃 𝑋 = 𝑥 𝑌 = 𝑘 𝑃[𝑌 = 𝑘]

• Difference from LDA
– Naïve Bayes can handle discrete data
– LDA uses multi-variate normal
– LDA assumes same variances for all classes
– Naïve Bayes make the conditional independence 

assumption 
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Text Classification: Examples
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Bag of Words Representation
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• Naïve Bayes learns the distribution of 
each word per class

• Naïve Bayes becomes a linear classifier 
under multi-nomial distribution



Naïve Bayes Summary
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Supervised Learning Process

Data Pre-
processing

Feature 
extraction

Learning 
model

Training

Labeled
(Typically)

Classification
Regression

Testing

New 
data

Unlabeled

Learning 
model Predictions

Malicious
Benign

Normalization
Standardization

Feature
Selection

Risk score

Classification Regression
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Feature selection

• Feature Selection
• Process for choosing an optimal subset of features

according to a certain criteria

• Why we need Feature Selection:
1. To improve performance (in terms of speed,

predictive power, simplicity of the model).
2. To visualize the data for model selection.
3. To reduce dimensionality and remove noise.
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Methods for Feature Selection

• Wrappers
– Select subset of features that gives best prediction 

accuracy (using cross-validation)
– Model-specific 

• Filters
– Compute some statistical metrics (correlation 

coefficient, information gain)
– Select features with statistics higher than threshold

• Embedded methods
– Feature selection done as part of training
– Example: Regularization (Lasso, L1 regularization)
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Wrappers: Search Strategy

d 2-
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Wrappers: Sequential Forward 
Selection

Backward feature selection starts with all features 
and eliminates backward

accuracy on validation set
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Filters
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Information Gain

Feature importance



Embedded methods: Regularization
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Summary: Feature Selection
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