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Outline: Review of ML
• Regression
– Linear regression, closed form
– Gradient descent

• Bias-variance tradeoff
– Regularization
– Cross validation

• Classification
– Linear classification: logistic regression, SVM
– Classifier metrics
– Naïve Bayes classifier
– Decision trees 
– Ensembles: bagging and boosting
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Machine Learning Pipeline
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Supervised learning
• Training data
– 𝑥! = [𝑥!,$, … 𝑥!,%]: vector of features
– 𝑦!: labels 

• Models (hypothesis)
– Example: Linear model 

• ℎ! 𝑥 = 𝜃" + 𝜃#𝑥
• Loss function
– Error function to minimize during training

• Training algorithm
– Training: Learn model parameters 𝜃 to minimize objective
– Output: “optimal” model according to loss function

• Testing
– Apply learned model to new data 𝑥′ and generate prediction 
ℎ 𝑥′
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Vector norms: A norm of a vector ||x|| is informally a 
measure of the “length” of the vector.

– Common norms: L1, L2 (Euclidean)

– 𝐿&

Vector Norms
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Distance Metrics
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Manhattan	Distance



Vector Operations
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10

• Linear Model

Linear Regression
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Vectorized Form
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Least-Squares Linear Regression

1
𝑛

Mean Square 
Error (MSE)
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Optimization Methods

• Closed form solution
– Define the exact solution as a function of X and y
– This is available for linear regression, but not for 

other ML models

• Gradient descent solution
– Iterative optimization procedure that could result 

in an approximate solution 
– Applicable to many ML models that optimize an 

objective: linear regression, logistic regression, 
SVM, neural networks
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Matrix and vector gradients

If 𝑦 = 𝑓 𝑥 , 𝑦 ∈ 𝑅' , 𝑥 ∈ 𝑅(

If 𝑦 = 𝑓 𝑥 , 𝑦 ∈ 𝑅 scalar , 𝑥 ∈ 𝑅( vector
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15

Vector gradient
(row vector)



Properties
• If w, x are 𝑑×1 vectors, ./

!0
.0 = 𝑤*

• If A: 𝑛×𝑑 𝑥: (𝑑×1),  .10.0 = 𝐴

• If A: 𝑑×𝑑 𝑥: (𝑑×1),  .0
!10
.0 = 𝐴 + 𝐴* 𝑥

• If A symmetric:  .0
!10
.0

= 2𝐴𝑥

• If 𝑥: (𝑑×1),  . 0 "

.0 = 2𝑥*
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Closed-Form Solution

1
𝑛
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Gradient Descent
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Gradient Descent
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• Gradient = slope of line tangent to curve
• Function decreases faster in negative direction of gradient

Vector update rule:  𝜃 ← 𝜃 − 𝛼 !"($)
!$



Stopping Condition

• When should the algorithm stop?
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GD Convergence Issues

• Local minimum: Gradient descent stops
• Plateau: Almost flat region where slope is small
Solutions: start from multiple random locations / 
adaptive learning rate 22



Adaptive step size

• Start with large step size and reduce over time, adaptively
• Line search method
• Measure how objective decreases
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Gradient Descent for Linear Regression
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Learning Challenges
• Goal
– Classify well new testing data  
– Model generalizes well to new testing data
– Minimize error (MSE or classification error) in testing

• Variance
– Amount by which model would change if we 

estimated it using a different training data set

• Bias
– Error introduced by approximating a real-life problem 

by a much simpler model
– E.g., for linear models (linear regression) bias is high

Bias-Variance tradeoff 25



Example: Regression
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Bias-Variance Tradeoff

• Bias = Difference between estimated and true models
• Variance = Model difference on different training sets

Test MSE is proportional to Bias + Variance

Over-fittingUnder-fitting
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How Overfitting Affects Prediction

How can we avoid over-fitting without having 
access to testing data?
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Regularization

Reduce model complexity
Reduce model variance
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Ridge regression
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k-fold Cross Validation

• Split training data into k partitions (folds) of equal size
• Pick the optimal value of hyper-parameter according to error 

metric averaged over all folds (computed on validation set)
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Compute error metrics in each fold
Average error across folds
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Linear Classifiers

ℎ2 𝑥 = 𝑓(𝜃5𝑥) linear function
• If 𝜃5𝑥 > 0 classify “Class 1”
• If 𝜃5𝑥 < 0 classify “Class 0”
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Linear vs Non-Linear Classifiers
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Logistic Regression
• Setup
– Training data: {𝑥! , 𝑦!}, for 𝑖 = 1,… , 𝑁
– Labels: 𝑦! ∈ 0,1

• Goals
– Learn ℎ" 𝑥 = 𝑃 𝑌 = 1 𝑋 = 𝑥
– 𝑃 𝑌 = 1 𝑋 + 𝑃 𝑌 = 0 𝑋 = 1

• Highlights
– Probabilistic output
– At the basis of more complex models (e.g., neural 

networks)
– Supports regularization (Ridge, Lasso)
– Can be trained with Gradient Descent
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Logistic Regression 

Logistic Regression is a linear classifier!
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Cross-Entropy Loss
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min
2
𝐽 𝜃

𝐽 𝜃 = − 7
/0,

1

[𝑦9log ℎ2(𝑥/) + (1 − 𝑦/)log 1 − ℎ2 𝑥/ ]

• Standard loss function for binary classification 
• Derived from Maximum Likelihood Estimation (MLE)



Gradient Descent for Logistic Regression

38



Optimal Linear Classifiers
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Support Vectors Classifiers
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• Support vectors = points “closest” to hyperplane
• Support vector classifier: maximize the margin
• If support vectors change, classifier changes



SVM Classifier
• Support Vector Classifier (SVC, linear SVM)

– Train with hinge loss objective
– Linear SVM classifier is linear combination of dot product 

between testing point and support vectors
– h 𝑧 = 𝜃' + ∑(∈* 𝛼( < 𝑧, 𝑥( >

• SVM classifier
– Select a kernel function 𝐾
– SVM classifier is linear combination of kernel between testing 

point and support vectors
– h 𝑧 = 𝜃' + ∑(∈* 𝛼(𝐾(𝑧, 𝑥()

• Polynomial kernel of degree p
– 𝐾 𝑥, 𝑦 = 1 + ∑(+', 𝑥(𝑦(

-

• Radial Basis Function (RBF) kernel (or Gaussian)
– 𝐾 𝑥, 𝑦 = exp −∑(+', (𝑥(−𝑦()2 /2𝛾.
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Decision Tree
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Learning Decision Trees

ID3 algorithm uses Information Gain
Information Gain reduces uncertainty on Y
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Ensemble Learning
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How to Achieve Diversity

• Avoid overfitting
– Vary the training data

• Features are noisy
– Vary the set of features

Two main ensemble learning methods
• Bagging (e.g., Random Forests)
• Boosting (e.g., AdaBoost)
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Bagging

46Majority Votes



Random Forest Algorithm
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Summary
• Linear regression has closed form solution for 

MSE loss
• Gradient Descent is a general optimization 

technique
– Converges for convex objectives (MSE)
– Applied to cross-entropy loss for logistic regression
– Can be extended for deep learning

• Non-linear classifiers are more powerful
– Kernel SVMs (different kernels such as polynomial and 

Gaussian / RBF)
– Decision trees (high interpretability, but prone to 

overfitting)
– Ensembles (bagging and boosting)
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