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Outline

• Multiple linear regression
– Lab in Python 
– Feature standardization
– Outliers

• Gradient descent optimization
– General algorithm
– Instantiation for linear regression
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Linear Regression
!𝒚 = 𝜽𝟎 + 𝜽𝟏𝒙

ℎ! 𝑥 = 𝜃" + 𝜃#𝑥

𝜃# = Δy/Δx

𝜃"

3

𝑥!, 𝑦!



Solution for simple linear regression

𝑥̅ =
∑$%#& 𝑥$
𝑁

0𝑦 =
∑$%#& 𝑦$
𝑁
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• Dataset 𝑥!∈ 𝑅, 𝑦! ∈ 𝑅, ℎ" 𝑥 = 𝜃# + 𝜃$𝑥

• 𝐽 𝜃 = $
%
∑!&$% 𝜃# + 𝜃$𝑥! − 𝑦!

'
MSE / Loss

'( !
'!!

= )
*
∑+,#* 𝜃" + 𝜃#𝑥+ − 𝑦+ = 0

'((!)
'!"

= )
*
∑+,#* 𝑥+ 𝜃" + 𝜃#𝑥+ − 𝑦+ = 0

• Solution of min loss
– 𝜃" = )𝑦 − 𝜃# 𝑥̅

– 𝜃# =
∑ (0#10̅)(3# 1 43)

∑ 0#10̅ $



Multiple Linear Regression
• Dataset:	𝑥+ ∈ 𝑅5 , 𝑦+ ∈ 𝑅
• Hypothesis ℎ! 𝑥 = 𝜃6𝑥
• MSE = #

*
∑ 𝜃6𝑥+ − 𝑦+ ) Loss / cost

• MSE is convex
• Unique minimum
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Closed-form optimum 
solution for linear regression



Vectorization 

• Two options for operations on training data
– Matrix operations 
– For loops to update individual entries

• Most software packages are highly optimized 
for matrix operations
– Python numpy
– Preferred method!

• See Matthew’s tutorial

• Matrix operations are much faster than loops!
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Closed-form solution
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𝐴𝐺𝐴 = 𝐴

𝑦 =

𝑦!
𝑦"
.
.
.
𝑦#

𝑥!! 𝑥!$

𝑥%! 𝑥%$

𝑥#! 𝑥#$



Multiple LR Lab
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Multiple LR Lab

9



Simple vs Multiple LR
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Simple vs Multiple LR
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Supervised Learning: Regression

Data Pre-
processing

Feature 
extraction

Learning 
model

Training

Labeled Regression

Testing

New 
data

Unlabeled

Learning 
model Predictions

Response 
variable

Normalization
Standardization

Feature 
Selection

Regression

𝑥$, 𝑦$ ∈ 𝑅 𝑓(𝑥)

𝑓(𝑥)𝑥′

𝑦+ = 𝑓 𝑥+ ∈ 𝑅
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Practical issues: Feature Standardization
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Mean 0 and Standard Deviation 1

𝑥!"←
#&'$%'
&'

𝜇" =
1
𝑁'

!'(

)

𝑥!"



Other feature normalization

• Min-Max rescaling

– 𝑥+7 ←
0#% 18+9%
8:0% 18+9%

∈ [0,1]

–𝑚𝑖𝑛7 and𝑚𝑎𝑥7: min andmax value of feature j

• Mean normalization

– 𝑥+7 ←
0#% 1;%

8:0% 18+9%

– Mean 0
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Feature standardization/normalization

• Goal is to have individual features on the 
same scale 

• Is a pre-processing step in most learning 
algorithms

• Necessary for linear models and Gradient 
Descent 

• Different options:
– Feature standardization
– Feature min-max rescaling
– Mean normalization
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Practical issues: Outliers

• Dashed model is without outlier point
• Linear regression is not resilient to outliers!
• Outliers can be eliminated based on residual value
• Other methods to eliminate outliers (anomaly detection)
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Categorical variables
• Predict credit card balance
– Age
– Income
– Number of cards
– Credit limit
– Credit rating

• Categorical variables
– Student (Yes/No) 
– State (50 different levels)
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How to generate numerical representations of these?



Indicator Variables
• One-hot encoding
• Binary (two-level) variable
– Add new feature 𝑥! = 1 if student and 0 otherwise

• Multi-level variable
– State: 50 values
– 𝑥"# = 1 if State = MA and 0, otherwise
– 𝑥$% = 1 if State = NY and 0, otherwise
– …
– How many indicator variables are needed?

• Disadvantages: data becomes too sparse for large 
number of levels
– Will discuss feature selection later in class
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How to optimize loss functions?

• Dataset:	𝑥8 ∈ 𝑅9 , 𝑦8 ∈ 𝑅
• Hypothesis ℎ: 𝑥 = 𝜃;𝑥
• 𝐽 𝜃 = <

=
∑ 𝜃;𝑥8 − 𝑦8 > Loss / cost

– Strictly convex function (unique minimum)
• General method to optimize a multi-

variate function
–Practical (low asymptotic complexity)
–Convergence guarantees to global minimum
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What Strategy to Use?
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Follow the Slope
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Follow the direction of steepest descent!



How to optimize 𝐽(𝜃)? 
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Gradient Descent
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• Gradient = slope of line tangent to curve
• Function decreases faster in negative direction of gradient
• Larger learning rate => larger step



Gradient Descent

Vector update rule:  𝜃 ← 𝜃 − &'())
&)
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Gradient Descent
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Gradient Descent

• If 𝜃 is on the right of 
minimum, slope is positive

• Decrease value of 𝜃

• If 𝜃 is on the left of 
minimum, slope is negative

• Increase value of 𝜃

In both cases 𝜃 gets closer to minimum
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Gradient Descent
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• As you approach the minimum, the slope gets smaller, and GD 
will take smaller steps

• It converges to local minimum (which is global minimum for 
convex functions)!



Gradient Descent

• What happens when 𝜃 reaches a local minimum?
• The slope is 0, and gradient descent converges!
• Strictly convex functions  only have global minimum 28



Stopping Condition

• When should the algorithm stop?
• When the update in 𝜃 is below some threshold
• Or maximum number of iterations is reached 29



Complex loss function

• Complex loss functions are more difficult to 
optimize
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GD Convergence Issues

• Local minimum: Gradient descent stops
• Plateau: Almost flat region where slope is small
Solution: start from multiple random locations
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Multiple Linear Regression

• Dataset:	𝑥; ∈ 𝑅< , 𝑦; ∈ 𝑅
• Hypothesis ℎ= 𝑥 = 𝜃>𝑥
• MSE = ?

@
∑ 𝜃>𝑥; − 𝑦; A Loss / cost

MSE is a strictly convex function 
and has unique minimum
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GD for Multiple Linear Regression

• 𝐽 𝜃 = $
%
∑!&$% ∑( 𝜃(𝑥!( − 𝑦! '

• )*(")
)"+

= '
%
∑!&$% ∑( 𝜃(𝑥!( − 𝑦!

) ∑, ",.-,/0-
)"+

= '
%
∑!&$% ℎ"(𝑥!) − 𝑦! 𝑥!1
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GD for Linear Regression

𝜃" ← 𝜃" − 𝛼
2
𝑁
'

!'(

)
ℎ*(𝑥!) − 𝑦! 𝑥!"

Can also bound number of iterations

𝜃()* − 𝜃+,$ < ϵ or
iterations == MAX_ITER

ℎ)(𝑥.)

35



Choosing learning rate
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Adaptive step size

• Start with large step size and reduce over time, adaptively
• Line search method
• Measure how objective decreases
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𝐽(θ) 𝐽(θ) 𝐽(θ)

𝜃𝜃∗𝜃𝜃∗𝜃𝜃∗



Feature Scaling
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Gradient Descent in Practice

• Asymptotic complexity 
– N is size of training data, d is feature dimension, and T

is number of iterations 

• Most popular optimization algorithm in use today
• At the basis of training
– Linear Regression
– Logistic regression
– SVM 
– Neural networks and Deep learning
– Stochastic Gradient Descent variants
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Review Gradient Descent
• Gradient descent is an efficient algorithm for 

optimization and training ML models
– The most widely used algorithm in ML!
– Much faster than using closed-form solution for 

linear regression
– Main issues with Gradient Descent is convergence 

and getting stuck in local optima (for neural 
networks)

• Gradient descent is guaranteed to converge to 
optimum for strictly convex functions if run 
long enough

40


