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Announcements

* HW 1
TS
— WilHoe out today ~ @RDESOPE
— Will be due on Monday, Sept. 28 ">H&Y

* Python tutorials

— Numpy tutorial by Matthew Jagielski
* Friday, Sept. 18, 1-2pm

— Panda data frames tutorial by Alex Wang
* Wed, Sept. 23, 5-6pm

— Same Zoom links as office hours



Recap

* ML is a subset of Al designing learning
algorithms

e Learning tasks are supervised (e.g., classification
and regression) or unsupervised (e.g., clustering)
— Supervised learning uses labeled training data

* Learning the “best” model is challenging
— Design algorithm to minimize the error VY
— Bias-Variance tradeoff po coRPLEXITY T = mhs
— Need to generalize on new, unseen test data

— Occam'’s razor (prefer simplest model with good

erformance Vb B
P ) cotflIEXM 3 <) e



Outline

* Probability review
— Conditional probabilities

— Bayes Theorem

* Linear algebra review
— Matrix and vector operations
— Transpose, inverse

— Rank of a matrix

e Covariance and correlation coefficient



Probability review



Probability Resources

Review notes from Stanford's machine

learning class

Sam Roweis's probability review

David Blei’s probability review

Books:

— Sheldon Ross, A First course in probability


http://cs229.stanford.edu/section/cs229-linalg.pdf
http://cs.nyu.edu/~dsontag/courses/ml12/notes/probx.pdf
http://khoury.neu.edu/home/eelhami/courses/CS6140_Fall16/lecture0_review_probability_1.pdf

Discrete Random Variables

e Let A denote a random variable FIN([TE
— A represents an event that can take on certain values
— Each value has an associated probability

* Examples of binary random variables:

— A =1have a headache
— A =Sally will be the US president in 2020

« P(A) is “the fraction of possible worlds in which
A is true”



Visualizing A

* Universe U is the event space of all possible worlds
— Itsareais 1

o= v 1A

* P(A) = area of red oval : :
worlds in which

A is true

* Therefore:
P(A)+ P(—A) =1 . | |
P(=A) = 1 — P(A) worlds in which A is false

(K= \\ (Al [TA= (V]



Working with Probabilities

eMpTy T plo oF "o GGNTS

c 0<PMA<1
. P(U) = 1; P(®) = 0 (por) = (Ml E- | AR
* P(mA)=1-P(A) T OTCRIIONS

Y NS ()—?(ﬁ%}
\ 2\ B = TR+ >

VB £ Y (%)

Oior ROUND: =) TN
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Examples discrete RV

* Bernoulli RV
— X is modelling a coin toss 0< T
— Output: 1 (head) or 0 (tail)
— P[X=1] = p; P[X=0] = 1-

* Yis the number of points in a fair dice
— P[Y=k]=?fork € {1, ...,6}?
— P:Y=even]—? ) L

‘?[\\:/\} ——g S ﬂ\‘:gsc 6
o= <\ = \=% pU=df)=3

12



Example discrete RV

e Zisthe sum of two fair dice
— Whatis P|Z = k] fork € {2,...,12}?
— What is k for which this probablllty is maX|mum?
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Expectation and variance

Expectation for discrete random variable X

AL
Ko .L>
E[X]=Z@Pr[)(=v] z z L2
— ANA 2T 2
v = Ao T2
Properties VRESBE WO
— « E[aX] = a E[X] (e &Y & o COTMIT :
3+ E[X+Y]=E[X]+E[Y] 27 _ 2“&. Plx=n
e B0 =G oprix =v] B =2
Variance Var[X] £ E[(X’ E(X))?

“Niﬂ €| % EX®) X rg[y\ :»Ueu)sr EZ(X)}“
=) - E%u%b@v &) =EX)- 2€ SMEItd
~ el l- €
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Conditional Probability

 P(A | B) = Fraction of worlds in which Bis true
that also have A true

U What if we already know
that Bis true? /
That knowledge changes _//
the probability of A Pun 51\““&

* Because we know we’rein a

f=

world where Bis true Cﬂ:ﬁ'ﬂg) :DES:
A =" 0E\
B
P(A|B) = P(lf(g)B ) A g
\P(A/\B):PI(A|B)><P(B)} Q @
— - uny (Jass

Events A and B are independent if Pr[ AN B]|=Pr[A]-Pr[B]

AR AIPR)
=T = M = T
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Inference from Conditional Probability

P(A A B)
P(B)
P(AA B) = P(A| B) x P(B)

P(A| B) =

P(headache) = 1/10
v P(flu) = 1/40 \j qINEN
/ : P(headache | flu) = 1/2
- Headache )
\_ _ Headaches are rare and flu is rarer, but

if you’re coming down with the flu
there’s a 50-50 chance you’ll have a
headache.”

18



Inference from Conditional Probability

P(AA B)
P(B)
P(AAB) = P(A| B) x P(B)

P(headache) = 1/10 L
P(flu) = 1/40 _
P(headache | flu) = 1/2 ‘F(#\\%)

One day you wake up with a headache. %

P(A| B) =

You think: “Drat! 50% of flus are
associated with headaches so | must have
a 50-50 chance of coming down with flu.”

Is this reasoning good?

19



Inference from Conditional Probability

o) 1:%) P(AA B)
MDY
— P(ANB)=P(A|B) x P(B)
{\‘é\ﬁg ?(M
P(headache) = 1/10 Want to solve for:
&\\\Eﬂi P(flu) = 1/40 P(headache A flu) = ?
P(headache | flu) =1/2 P(flu | headache) = ?

o s3> XA = e}

20



Exercises

€Vl b s b2 €= - 7= P05

1. Compute Expectation and Variance for a

Bernoulli RV
— P[X =1]

e()= ENTEn)

=p;PIX=0]=1-p

2. Conditional probabilities

P(AA B)

RIATE =

P(headache) = 1/10
P(flu) = 1/40
P(headache | flu) =1/2

RAsASB) BREAKOUT
P(B)
= P(A| B) x P(B) Q\&\‘r) ‘\’@‘
CfO XD
Want to solve for: ;
P(headache A flu) = 0
P(flu | headache) = 7 7‘!(\(\:) &




Bayes’ Rule

P(B|A) x P(A)
P(B) (
* Exactly the process we just used

* The most important formula in
probabilistic machine learning

P(A|B) =

M‘b} TN
?(®

_ 30
Cl’k%\M-’ ,-—%—@:)

Bayes, Thomas (173) An esaytowards
solving a problem in the doctrine of

Phop)= FAB) 3(2)="(B)K)3 [(h) Gt romacomr
N
RAICS
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Multi-Value Random Variable

e Suppose A can take on more than 2 values

 Aisarandom variable with arity k if it can take on
exactly one value out of {v,,v,, ..., v, }

* Thus...
P(AZUL'/\A:U]'):O 1f27é]
PA=vw/WVA=vnV..VA=vy,) =1
' —Feb
1=) P(4=wu) cT(A':Jaw\'i'fO‘:m[")
|

A= Monfh of \”e“‘(l\‘
= M
exaMPLE  S(A=dn)= oo T w2
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Marginalization

* We can also show that:
P(B)=P(BAN[A=vyVA=vV...VA=uv])

i k
‘@ ;P(B NA=v) _ 2 P(B|A = v)P(A =)

i=1 A ﬁm(,é,
* This is called marginalii;m/'c)n over A ?(B\C ¥ (@ﬂ’g}‘}F ?(@OW\)
BT S/\N\
- m%z A= flo "M'&>
= A
EXAMPLE Af(&m@: ‘i ’?QSMWS 0 ' |
=1 e~ ‘\>' ?K’a\s ﬂo/\'“)\ \>

= P (Smy\h= ottt o~
—_
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Linear algebra review



Resources

e Zico Kolter, Linear algebra review

e Sam Roweis's linear algebra review

e Books:

— O. Bretscher, Linear Algebra with
Applications


http://cs229.stanford.edu/section/cs229-linalg.pdf
http://cs.nyu.edu/~dsontag/courses/ml12/notes/linear_algebra.pdf

Vectors and matrices

e \ectorin R"is an ordered
set of n real numbers.

X 1
6
— e.g.v=(1,6,3,4) isinR4/' ;

— A column vector:

4

— A row vector:
\
116 3 4)

* m-by-n matrix is an object
in R™" with m rows and n
columns, each entry filled
with a (typically) real
number:

\
m

~\_
(1 2 8)
4 78 6

9 3 2



Vector operations

Addition component by component
[all as, .. ] [bll b2) b ] — [al + bli ey Ap + le]

[1,-2,5] + [0,3,7] E&iw}

Subtraction is also done component by component

[al, az, vee ) an] - [bll bz, ...,bn] - [al - bl’ ven ) an - bn]
— Can add and subtract row or column vectors of same dimension

Dot product
— Only works for row and column vector of same size

b
la, a,, ..., a,] - [b] = [a,bg-..4a,b,]

[1,-2,5] - g] — Ao+ (22t 53=~-+12=6

7
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Matrix multiplication

We will use upper case letters for matrices. The elements
are referred by Ai,.

* Matrix product: 4 e R B e Rr<P

C=ABeR"™”

Z Air By

—

-HDU ~
€.9. {Tau al;g B__R by, bl;J M= [ - (19,2:"L>22/3

\aZI a,, by, \ b,

AB'- W a12 a, by, % alzbé
@)

a, by, ‘f" a,,b,, a, b, + a,b,,

Pmu
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Matrix transpose

Transpose: You can think of it as
— “flipping” the rows and columns
OR

— “reflecting” vector/matrix on line

e@Luﬁf;@ o
ig%Tg@ 9} o (A+DB)F =A"+B"

A is a symmetric matrix if A = AT

(AT)T = A4

34



Linear independence

e Aset of vectors is linearly independent if none of them can
be written as a linear combination of the others. ﬁfd"’(

C Vectorre linearly inde@f C1Xq+...+C X, :@/

implies ¢;=...=¢,=0 LINEPE COMRJNAON

e QOtherwise they are linearly

dependent 1 0
X1 = 2 Xy = 3
FETL 2

=0
CaA X C?)kz/— = N

—\-QC_L._,
=> CZE:
. AR iv ’\& iw\* %Q""—’D
Cﬂ\lixir CZL;B q+3G =
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Linear independence

e Aset of vectors is linearly independent if none of them can
be written as a linear combination of the others.

e Vectors Xy,...,X, are linearly independent if ¢;x;+...+¢,x, =0 (
implies ¢,=...=¢,=0
P - S LINepRL]  FETENDENT |
e QOtherwise they are linearly 5
f_
dependent Ca 1T+ e [4] 4@ 2]
N N o 5 | = Q
I = 2 Ly = | r3 = -3
3 5 —1 -~ O

=0 (\ - Y I |
e i 22) NG =0 L= ~2
N e b =0 =" 242
23y +6G " La=08)2 l' el t 59— G = 5
L=  L2="52

~L 2 —2 i[ ?:—Zlcg,:@
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Rank of a Matrix

* rank(A) (the rank of a m-by-n matrix A) is

The maximal number of linearly independent columns
The maximal number of linearly independent rows

oo~ W &N
-IfAisnbym,thenAA:“\L ]
— rank(A)<= min(m,n) L{Ngﬁ'ﬂ/Y y
mwaNTL
e Examples N 11 3)
0 2
PRHL= 2 WV-“ W(:l
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Inverse of a matrix

* |Inverse of a square matrix A, denoted by A

is the unique matrix s.t. N & S
— AA1=A1A=| (identity matrix) 1= [0 o
ANNERS A °00d

* |Inverse of a square matrix exists only if the
matrix is full rank

e If Aland B! exist, then
— (AB)! = BIAl
. (AT)—l — (A—l)T



Diagonal matrices
d\'\.. 0 ‘5 o, dndO
e

40



System of linear equations

4 =5 —13
=15 3] =T
If A has an inverse, solution |sm
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