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Outline
• Logistic regression
– Cross-entropy objective
– Gradient descent for logistic regression

• Project discussion
• Evaluation of classifiers
– Metrics
– ROC curves

• Linear Discriminant Analysis (LDA)
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Logistic Regression

• Setup
– Training data: {𝑥! , 𝑦!}, for 𝑖 = 1,… , 𝑁
– Labels: 𝑦! ∈ 0,1

• Goals
– Learn 𝑃 𝑌 = 1 𝑋 = 𝑥

• Highlights
– Probabilistic output
– At the basis of more complex models (e.g., neural 

networks)
– Supports regularization (Ridge, Lasso)
– Can be trained with Gradient Descent
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Logistic Regression 

Logistic Regression is a linear classifier!
4

𝑌 = 1 if

𝑌 = 0 if



Cross-Entropy Objective

P 𝑌 = 𝑦! 𝑋 = 𝑥!; 𝜃 = ℎ" 𝑥! #! 1 − ℎ" 𝑥!
$%#!

𝜃!"# = argmax$∑%&'( log 𝑃[𝑌 = 𝑦%|𝑋 = 𝑥%; 𝜃]

= argmax$ 4
%&'

(

𝑦)log ℎ*(𝑥%) + (1 − 𝑦%)log 1 − ℎ* 𝑥%
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Logistic regression objective

min
%
𝐽 𝜃

𝐽 𝜃 = − (
&'(

)

[𝑦*log ℎ%(𝑥&) + (1 − 𝑦&)log 1 − ℎ% 𝑥& ]



Gradient Descent for Logistic 
Regression

𝐽 𝜃 = − ,
!&$

'

[𝑦(log ℎ"(𝑥!) + (1 − 𝑦!)log 1 − ℎ" 𝑥! ]
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Computing Gradients
• Derivative of sigmoid
– 𝑔 𝑧 = $

$)*"#; 𝑔
+ 𝑧 = *"#

$)*"# $ = 𝑔(𝑧)(1 − 𝑔(𝑧))

• Derivative of hypothesis
– ℎ" 𝑥 = 𝑔 𝜃,𝑥 = 𝑔(𝜃-𝑥- + ∑./- 𝜃.𝑥.)

– 01% 2
0"&

= 03 "'2
0"&

𝑥- = 𝑔 𝜃,𝑥 1 − 𝑔 𝜃,𝑥 𝑥-

• Derivation of 𝐶&
– 04!
0"&

= 𝑦!
$

1% 2!
g 𝜃,𝑥! 1 − g 𝜃,𝑥! 𝑥!- -

1 − 𝑦!
$

$%1% 2!
g 𝜃,𝑥! 1 − g 𝜃,𝑥! 𝑥!-

= 𝑦! − ℎ" 𝑥! 𝑥!-
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Gradient Descent for Logistic 
Regression
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𝜃5 ← 𝜃5 − 𝛼∑!&$' ℎ"(𝑥!) − 𝑦!

𝜃- ← 𝜃- − 𝛼,
!&$

'
ℎ"(𝑥!) − 𝑦! 𝑥!-

𝐽 𝜃 = − ,
!&$

'

[𝑦(log ℎ"(𝑥!) + (1 − 𝑦!)log 1 − ℎ" 𝑥! ]



Gradient Descent for Logistic 
Regression

This looks IDENTICAL to Linear Regression! 
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𝜃5 ← 𝜃5 − 𝛼∑!&$' ℎ"(𝑥!) − 𝑦!

𝜃- ← 𝜃- − 𝛼,
!&$

'
ℎ"(𝑥!) − 𝑦! 𝑥!-



Regularized Logistic Regression

L2 regularization
Also supports L1 regularization
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𝐽 𝜃 = − ,
!&$

'

[𝑦(log ℎ"(𝑥!) + (1 − 𝑦!)log 1 − ℎ" 𝑥! ]
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Classifier Evaluation

• Classification is a supervised learning problem
– Prediction is binary or multi-class

• Classification techniques
– Linear classifiers 
• Perceptron (online or batch mode)
• Logistic regression (probabilistic interpretation)

– Instance learners 
• kNN: need to store entire training data

• Cross-validation should be used for parameter 
selection and estimation of model error
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Evaluation of classifiers
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Classification Metrics
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• Training set accuracy and error
• Testing set accuracy and error



Confusion Matrix
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Accuracy and Error
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Confusion Matrix
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Why One Metric is Not Enough
Assume that in your training data, Spam email is 1% of data, and 
Ham email is 99% of data
• Scenario 1
– Have classifier always output HAM!
– What is the accuracy?

• Scenario 2
– Predict one SPAM email as SPAM, all other emails as 

legitimate
– What is the precision?

• Scenario 3
– Output always SPAM!
– What is the recall?

99%

100%

100%
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Precision & Recall
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F-Score
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A Word of Caution
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