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Class Outline
• Introduction 

– Probability and linear algebra review
• Regression - 2 weeks

– Linear regression, polynomial, spline regression
• Classification - 4 weeks

– Linear classification (logistic regression, LDA)
– Non-linear models (decision trees, SVM, Naïve Bayes)
– Ensembles (random forest, AdaBoost)
– Model selection, regularization, cross validation

• Neural networks and deep learning – 2 weeks
– Back-propagation, gradient descent
– NN architectures (feed-forward, convolutional, recurrent)

• Adversarial ML – 1 lecture
– Security of ML at testing and training time
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Resources
• Instructors

– Alina Oprea
– TAs: Yuxuan (Ewen) Wang; Christopher Gomes 

• Schedule
– Mon, Wed 2:50-4:30pm
– West Village H 108
– Office hours: 

• Alina: Wed 4:30 – 6:00 pm (ISEC 625)
• Christopher : Monday 5:00-6:00pm (ISEC 605)
• Ewen: Thursday 5:00-6:00pm (ISEC 605)

• Online resources
– Slides will be posted after each lecture on public website
– Piazza for questions and discussion
– Gradescope for homework and project submission 
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Classification
• Training data

– 𝑥" = [𝑥",&, … 𝑥",(]: vector of image pixels (features)
– Size 𝑑 = 28x28 = 784
– 𝑦": image label 

• Models (hypothesis)
– Example: Linear model (parametric model)

• 𝑓 𝑥 = 𝑤𝑥 + 𝑏
– Classify 1 if 𝑓 𝑥 > T ; 0 otherwise

• Classification algorithm
– Training: Learn model parameters 𝑤, 𝑏 to minimize error (number 

of training examples for which model gives wrong label)
– Output: “optimal” model 

• Testing
– Apply learned model to new data and generate prediction 𝑓 𝑥
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Supervised Learning: Regression

Data Pre-
processing

Feature 
extraction

Learning 
model

Training

Labeled Regression

Testing

New 
data

Unlabeled

Learning 
model Predictions

Response 
variable

Normalization Feature 
Selection

Regression

𝑥", 𝑦" ∈ 𝑅 𝑓(𝑥)

𝑓(𝑥)𝑥′

𝑦= = 𝑓 𝑥= ∈ 𝑅

6



Supervised Learning Tasks

• Classification
– Learn to predict class (discrete)
– Minimize error 1/N ∑"@&A [𝑦" ≠ 𝑓(𝑥")]

• Regression
– Learn to predict response variable (numerical)
– Minimize MSE (Mean Square Error between 

prediction and actual values): loss function
• Both classification and regression

– Training and testing phase 
– “Optimal” model is learned in training and applied in 

testing
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Terminology
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• Hypothesis space 𝐻 = 𝑓: 𝑋 → 𝑌
• Training data D = 𝑥I, 𝑦I ∈ 𝑋×𝑌
• Features: 𝑥" ∈ 𝑋
• Labels / response variables 𝑦I ∈ 𝑌

– Classification: discrete 𝑦I ∈ {0,1}
– Regression: 𝑦I ∈ R

• Loss function: 𝐿 𝑓, 𝐷
– Measures how well 𝑓 fits training data

• Training algorithm: Find hypothesis N𝑓: 𝑋 → 𝑌
– N𝑓 = argmin

U∈V
𝐿 𝑓, 𝐷

•



Learning Challenges
• Goal

– Classify well new testing data  
– Model generalizes well to new testing data

• Variance
– Amount by which model would change if we 

estimated it using a different training data set
– More complex models result in higher variance

• Bias
– Error introduced by approximating a real-life problem 

by a much simpler model
– E.g., assume linear model (linear regression)
– More complex models result in lower bias

Bias-Variance tradeoff
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Example: Regression
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Training and testing error
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Test error
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Bias-Variance Tradeoff
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Occam’s Razor
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Summary
• ML is a subset of AI designing learning 

algorithms
• Learning tasks are supervised (e.g., classification 

and regression) or unsupervised (e.g., clustering)
– Supervised learning uses labeled training data

• Learning the “best” model is challenging
– Design algorithm to fit the data
– Bias-Variance tradeoff
– Need to generalize on new, unseen test data
– Occam’s razor (prefer simplest model with good 

performance)
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Probability review

1
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Probability Resources
• Review notes from Stanford's machine 

learning class
• Sam Roweis's probability review
• David Blei’s probability review
• Books:

– Sheldon Ross, A First course in probability
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http://cs229.stanford.edu/section/cs229-linalg.pdf
http://cs.nyu.edu/~dsontag/courses/ml12/notes/probx.pdf
http://khoury.neu.edu/home/eelhami/courses/CS6140_Fall16/lecture0_review_probability_1.pdf


Discrete Random Variables
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Visualizing A
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Axioms of Probability
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Interpreting the Axioms
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Interpreting the Axioms
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Interpreting the Axioms
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The union bound
• For  events  A and  B

P[ A ∪ B ]  ≤  P[A] + P[B]

Axiom: P[ A ∪ B ]  = P[A] + P[B] – P[A ∩ B]

If A ∩ B = Φ, then P[ A ∪ B ]  = P[A] + P[B]

Example:
A1 = {  all x in {0,1}n  s.t  lsb2(x)=11  }    ;    A2 = {  all x in {0,1}n  s.t. msb2(x)=11  }

P[ lsb2(x)=11 or msb2(x)=11 ] = P[A1∪A2]  ≤  ¼+¼  =  ½ 

A
B
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Random Variables (Discrete)
Def:  a random variable  X  is a function     X:U⟶V 
Def: A discrete random variable takes a finite number of values: |V| is finite

Example:    X is modeling a coin toss with output 1 (heads) or 0 (tail)
P[X=1] = p, P[X=0] = 1-p 

We write    X ⟵ U   to denote a uniform random variable (discrete) over U 

for all   u∈U:     P[ X = u ]  =  1/|U|

Example: If p=1/2; then X is a uniform coin toss

Probability Mass Function (PMF): p(v) = P[X = v]
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Example

1. X is the number of heads in a sequence of n
coin tosses
What is the probability P[𝑋 = 𝑘]?

P 𝑋 = 𝑘 = (𝑛𝑘) 𝑝
_ 1 − 𝑝 ab_ Binomial Random Variable

2. X is the sum of two fair dice
What is the probability P[𝑋 = 𝑘] for 𝑘 ∈ {2,… , 12}?

P[X=2]=1/36; P[X=3]=2/36; P[X=4]= 3/36
For what k is P[𝑋 = 𝑘] highest?
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Multi-Value Random Variable
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Multi-Value Random Variable
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Expectation and variance
Expectation for discrete random variable X

Properties
• 𝐸 𝑎𝑋 = 𝑎 𝐸 𝑋
• Linearity: 𝐸 𝑋 + 𝑌 = 𝐸 𝑋 + 𝐸 𝑌

Variance
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𝐸 𝑋 =f
g

𝑣𝑃[𝑋 = 𝑣]



Example discrete RVs
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Continuous Random Variables

• X:U⟶V is continuous RV if it takes infinite number of values
• The cumulative distribution function CDF F: R ⟶ {0,1} for X is 

defined for every value x by:
F(x) = Pr(X £ x) 

• The probability distribution function PDF f(x) for X is
f(x) = dF(x)/dx

A pdf and associated cdf

Increasing
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Example continuous RV
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Example CDFs and PDFs

33



Continuous RV
Expectation for continuous random variable 𝑋

Variance is similar!

Example: Let 𝑋 be uniform RV on [a,b]
• What is the CDF and PDF?
• Compute the expectation and variance of 𝑋
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Normal (Gaussian) distribution
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Conditional Probability

Def:   Events A and B are independent if and only if  
P[ A ∩ B ] = P[A] · P[B]

If 𝐴 and 𝐵 are independent
P[𝐴|𝐵] =

P 𝐴 ∩ 𝐵
P[𝐵] =

P 𝐴]P[𝐵
P[𝐵] = P[A]
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Inference from Conditional Probability
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Inference from Conditional Probability
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Inference from Conditional Probability 

39
Bayes Theorem



Bayes’ Rule
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Linear algebra review
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Resources
• Zico Kolter, Linear algebra review
• Sam Roweis's linear algebra review
• Books: 

– O. Bretscher, Linear Algebra with 
Applications
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http://cs229.stanford.edu/section/cs229-linalg.pdf
http://cs.nyu.edu/~dsontag/courses/ml12/notes/linear_algebra.pdf


Vectors and matrices
• Vector in Rn is an ordered 

set of n real numbers.
– e.g. v = (1,6,3,4) is in R4

– A column vector:
– A row vector:

• m-by-n matrix is an object 
in Rmxn with m rows and n 
columns, each entry filled 
with a (typically) real 
number:
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Matrix multiplication

• Matrix product:
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We will use upper case letters for matrices. The elements 
are referred by Ai,j. 

e.g.
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Matrix transpose
Transpose: You can think of it as 

– “flipping” the rows and columns 
OR 
– “reflecting” vector/matrix on line 
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e.g.

A is a symmetric matrix if 𝐴 = 𝐴o
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Inverse of a matrix
• Inverse of a square matrix A, denoted by A-1 is 

the unique matrix s.t.
– AA-1 =A-1A=I (identity matrix)

• If A-1 and B-1 exist, then 
– (AB)-1 = B-1A-1,
– (AT)-1 = (A-1)T

• For diagonal matrices 

46



Linear independence
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• A set of vectors is linearly independent if none of them can 
be written as a linear combination of the others.

• Vectors v1,…,vk are linearly independent if c1v1+…+ckvk = 0 
implies c1=…=ck=0

• Otherwise they are linearly
dependent
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Linearly dependent
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Rank of a Matrix

• rank(A) (the rank of a m-by-n matrix A) is
The maximal number of linearly independent columns
The maximal number of linearly independent rows

• If A is n by m, then
– rank(A)<= min(m,n)

• Examples 2 1 3
0 5 2
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System of linear equations

Matrix formulation

If A has an inverse, solution is 𝑥 = 𝐴b&𝑏
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Covariance 

• X and Y are random variables
• 𝐶𝑜𝑣 𝑋, 𝑌 = 𝐸[(𝑋 − 𝐸(𝑋))(𝑌 − 𝐸(𝑌))]
• Properties
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Pearson Correlation
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𝜌 = Corr 𝑋, 𝑌 =
Cov X, Y
𝜎~𝜎�

∈ [−1,1]



Positive/Negative Correlation
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Positive 
Correlation

Negative 
Correlation
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Bivariate normal

• 𝑋 ∼ 𝑁(𝜇~, 𝜎~) and	𝑌 ∼ 𝑁(𝜇�, 𝜎�) are	Normal

• 𝜇 = 𝐸 𝑋 , 𝐸 𝑌 = ��
��

mean vector

• Σ = 𝑉𝑎𝑟(𝑋) 𝐶𝑜𝑣(𝑋, 𝑌)
𝐶𝑜𝑣(𝑋, 𝑌) 𝑉𝑎𝑟(𝑌) =

𝜎~q 𝜌 𝜎~𝜎�
𝜌 𝜎~𝜎� 𝜎�q

covariance matrix
53

Joint CDF



Bivariate normal
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Joint CDF

Joint PDF

𝑓 𝑥, 𝑦 =
exp(−12 𝑥 − 𝜇 oΣb& 𝑥 − 𝜇 )

2𝜋√|Σ|



Bivariate normal
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Bivariate normal
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𝑓~,� 𝑥, 𝑦 =

If 𝑋 and 𝑌 are uncorrelated (𝜌 = 0), and centered with mean 0: 

If 𝑋 and 𝑌 have mean 𝜇~ and 𝜇�, general case is:


