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Outline
• Joint probability distributions 
• Density estimation
– Kernel density estimation (KDE)

• Naïve Bayes classifier
– Discrete features
– Multinomial model
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Essential probability concepts
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Computing Prior Probabilities
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The Joint Distribution
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Learning Joint Distributions
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Example – Learning Joint Probability 
Distribution
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Density Estimation
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Density Estimation
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Evaluating Density Estimators
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Evaluating Density Estimators
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Example
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Example
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Log Probabilities
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Example

16



Evaluation on Test Set
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Overfitting
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Curse of Dimensionality
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Histograms
• Most common form of non-parametric density estimation

– Split data range into equal-sized bins

– For each bin, count the # of data points that fall into the bin

– Y axis: frequency (e.g. counts for 
each bin)

– X axis: values of the variable

• The histogram can illustrate features 
related to the distribution of the data

– Center (i.e., the location)

– Spread (i.e., the scale)

– Skewness

– Presence of outliers



Issues with Histograms 
• Need to select the two parameters: starting position 

of bin and width
– For small datasets, the shape of the histogram 

looks different when parameters change
• Curse of dimensionality
– Number of bins grows exponentially with the 

number of dimensions
– In high dimensions, a very large number of 

examples is required; otherwise most of the bins 
will be empty

Unsuitable for most practical applications expect for 
quick visualization in one or two dimensions



Kernel Density Estimation

22



Kernel Visualization
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Kernel Density Estimate
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Scaled and 
centered kernel
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Kernel Density Estimate: Visualization
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Bandwidth Selection

• The problem of choosing ℎ = 𝜎 is crucial in density estimation
• Small bandwidth: over-fitting
• Large bandwidth: can mask the data structure
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Overfitted
h = h / 10

Underfitted
h = 10 * h

Just Right
h = 0.05 by LOOCV

True Density

• KDE based on n = 
1;000 draws

• LOOCV = leave one 
out cross-validation.
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Naïve Bayes Classifier
Another Method for Density Estimation

P[𝑌 = 𝑘]P 𝑋* = 𝑥* ∧ ⋯∧ 𝑋.= 𝑥. 𝑌 = 𝑘
P[𝑋* = 𝑥* ∧ ⋯∧ 𝑋.= 𝑥.]

P 𝑌 = 𝑘 𝑋 = 𝑥
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Naïve Bayes Classifier

P 𝑋* = 𝑥* ∧ ⋯∧ 𝑋.= 𝑥. 𝑌 = 𝑘 =/
01*

.

𝑃 𝑋0 = 𝑥0 𝑌 = 𝑘]
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Training Naïve Bayes

𝑃 𝑋0 = 𝑥0 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

3/4 1/4

𝑃 𝑋0 = 𝑥0 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

1

𝑃 𝑋0 = 𝑥0 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

0

𝑃 𝑋0 = 𝑥0 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

2/3

𝑃 𝑋0 = 𝑥0 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Training Naïve Bayes

1

𝑃 𝑋0 = 𝑥0 𝑌 = 𝑘 and 𝑃[𝑌 = 𝑘]
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Laplace Smoothing

𝑘

𝑘
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Using the Naïve Bayes Classifier

𝑘 𝑘

𝑘 𝑘

P[𝑌 = 𝑘]P 𝑋* = 𝑥* ∧ ⋯∧ 𝑋.= 𝑥. 𝑌 = 𝑘
P[𝑋* = 𝑥* ∧ ⋯∧ 𝑋.= 𝑥.]P 𝑌 = 𝑘 𝑋 = 𝑥
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Naïve Bayes Classifier

𝑘 𝑘

• For each class label 𝑘
1. Estimate prior 𝑃[𝑌 = 𝑘] from the data 
2. For each value 𝑣 of attribute 𝑋0
• Estimate P[𝑋0 = 𝑣|𝑌 = 𝑘]
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Computing Probabilities

𝑘 𝑘 𝑘

𝑘

𝑘 𝑘
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Handling Continuous Features

• Use histograms 
• Estimate 𝑃 𝑋0 = 𝑣 𝑌 = 𝑘] with normal distribution
– Called Gaussian Naïve Bayes

• Use KDE
– Uni-variate Kernel Density Estimate for 𝑃 𝑋0 = 𝑣 𝑌 = 𝑘]
– Multi-variate Kernel Density Estimate for 
P 𝑋* = 𝑥* ∧ ⋯∧ 𝑋.= 𝑥. 𝑌 = 𝑘
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Comparison to LDA

• Similarity to LDA
– Both are generative models
– They both estimate:
𝑃 𝑋 = 𝑥 and 𝑌 = 𝑘 = 𝑃 𝑋 = 𝑥 𝑌 = 𝑘 𝑃[𝑌 = 𝑘]

• Difference from LDA
– LDA uses multi-variate normal
– LDA assumes same co-variances for all classes
– Naïve Bayes make the conditional independence 

assumption 
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Naïve Bayes Summary
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Document Classification
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Text Classification: Examples
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Bag of Words Representation
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Bag of Words Representation
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Another View of Naïve Bayes
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Another View of Naïve Bayes
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Document Classification with Naïve 
Bayes
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Review Naïve Bayes

• Density Estimators can estimate joint probability 
distribution from data

• Risk of overfitting and curse of dimensionality
• Naïve Bayes
– Generative model (like LDA)
– Reduces the complexity of density estimation
– Assumes that features are independent given labels

• Applications: text classification with bag-of-words 
representation
– Multinomial Naïve Bayes becomes a linear classifier
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